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DOUTORADO EM CIÊNCIA DA COMPUTAÇÃO
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esse trabalho. Gostaria de agradecer à CAPES e ao DAAD a bolsa de doutorado
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Vou ter relâmpo e truvão.

Minh’alma vai florecer.”

Elomar



Resumo

Nós investigamos a teoria dos modelos de Lógicas Preferenciais, Lógica Hı́brida

e fragmentos da Lógica de Segunda-Ordem com relação a modelos finitos. A

semânticas dessas lógicas diferem da abordagem clássica pelo uso de relações

entre modelos ou por restringir a cardinalidade dos modelos a cardinais finitos.

Este trabalho tem três partes. Na primeira parte deste trabalho nós es-

tudamos a teoria dos modelos de lógicas preferenciais. Lógicas preferenciais

surgem no contexto do racioćınio não-monotônico em Inteligência Artificial. A

principal caracteŕıstica dessas lógicas é a existência de uma relação entre mod-

elos. Isso permite a definição de uma relação de consequência não monotônica

considerando-se os modelos minimais de um conjunto de sentenças. Usando a

abordagem da Teoria dos Modelos Abstrata, nós generalizamos alguns resulta-

dos de expressividade para classes de lógicas preferenciais. Nós mostramos que

sempre que uma classe de modelos minimais de um conjunto finito de sentenças

é axiomatizável, então tal classe é finitamente axiomatizável. Nós mostramos

que se tal classe define implicitamente um śımbolo do vocabulário, existe uma

axiomatização finita de uma forma particular, a saber, o conjunto finito de

sentenças inicial mais uma definição expĺıcita para o śımbolo definido.

Na segunda parte desse trabalho, nós investigamos a teoria dos modelos fini-

tos da Lógica Hı́brida. Lógicas Hı́bridas são extensões da lógica modal através de

termos h́ıbridos que se referem a estados individuais em um modelo de Kripke.

Nós estudamos a complexidade computacional dos problemas de model- e frame-

checking para a Lógica Hı́brida. Nós mostramos que para cada problema de

grafos na Hierarquia Polinomial e cada número n, existe uma fórmula que ex-

prime esse problema para grafos de cardinalidade n. Nós mostramos que o

tamanho das fórmulas é limitado por um polinôimio em n. Nós mostramos que

podemos abrir mão das modalidades globais se nos limitarmos a grafos conexos

com loops. Nós definimos fragmentos da Lógica Hı́brida que correspondem a



cada ńıvel da Hierarquia Polinomial. Isso nos leva a uma prova alternativa da

NP-dificuldade do problema de model-checking para um fragmento espećıfico de

da Lógica Hı́brida.

Na última parte desse trabalho, nós exploramos a complexidade descritiva

da lógica obtida ao restringirmos a quantificação de segunda-order a relações

de grau limitado. Baseados em trabalhos anteriores de Schwentick et al. e

de Grandjean e Olive, nós introduzimos a Lógica de Segunda-Ordem de Grau

Limitado e mostramos que ela captura a classe ALIN de classes de estruturas

unárias aceitas por uma máquina de acesso randômico em tempo linear e um

número fixo de alternâncias dependente apenas do problema. Nós estendemos

essa lógica com o operador de fecho transitivo sobre relações de ordem superior

sobre relações de grau limitado. Nós mostramos que a Lógica de Segunda-

Ordem de Grau Limitado com Fecho Transitivo captura quantidade linear de

registradores em uma máquina de acesso randômico não-determińıstica onde os

valores armazenados em cada registrador durante a computação são limitados

por uma função linear na cardinalidade da estrutura de entrada.



Abstract

We investigate the model theory of Preferential Logics, Hybrid Logic and frag-

ments of Second-Order Logic with respect to finite models. The semantics of

these logics differ from the semantics of classical logics either by using relations

between models or by restricting the cardinality of the models considered.

This work has three main parts. In the first part of this work we study

the model theory of preferential logics. Preferential logics arise in the context

of nonmonotonic reasoning in Artificial Intelligence. The main characteristic

of those logics is the existence of a relation between models. It allows the

definition of a nonmonotonic consequence relation by considering the minimal

models of a set of sentences. Using the approach of Abstract Model Theory

we generalize some expressiveness results to classes of preferential logics. We

show that whenever a class of minimal models of a finite set of sentences is

axiomatizable, without considering the preference relation, then it is finitely

axiomatizable. We also show that when such class of minimal models implicitly

defines a symbol, then the finite axiomatization can be put in a very specific

form, namely, the initial set of sentences plus a explicit definition for the symbol.

In the second part of this work, we investigate the finite model theory of

Hybrid Logic. Hybrid Logics are extensions of modal logics with hybrid terms

which refer to single states in a Kripke model. We study the complexity of

the model- and frame-checking problems for Hybrid Logic. We show that for

each graph problem in the Polynomial Hierarchy and each natural number n

there is a formula which expresses this problem for graphs of cardinality n. We

also show that the size of such formulas is bounded by a polynomial in n. We

show that one can disregard the global modalities if one consider only connected

graphs with loops. We define fragments which correspond to each degree of the

Polynomial Hierarchy. This leads to an alternative proof of the NP-hardness of

the model-checking problem for an specific fragment of Full Hybrid Logic.



In the last part of this work, we explore the descriptive complexity of the

logic obtained by restricting second-order quantification to relations of bounded

degree. Based on previous work from Schwentick et al. and Grandjean and

Olive, we introduce the Bounded-Degree Second-Order Logic and show that it

captures the class ALIN of classes of unary structures accepted by a alternating

random access machine in linear time and bounded number of alternations. We

also extend this logic with the transitive closure operator on high-order relations

on bounded-degree relations. We show that the Bounded-Degree Second-Order

Logic with Transitive Closure Operator captures linear number of registers in

a nondeterministic random access machine provided that registers store values

bounded by a linear function in the cardinality of the input structure.
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Chapter 1

Introduction

Model Theory is the branch of mathematical logic that studies the relation

between structures and formal languages defined through satisfiability relations.

One of the main tasks of the field is to establish the expressive power of the

languages studied. That is, we want to characterize which classes of structures

can be expressed by the sentences of the language. Classical Model Theory

is mainly concerned with first- and high-order languages and the methods used

heavily depend on the existence of infinite models. Typical results in this context

are Löwenheim-Skolem theorem, compactness and categoricity [CK73].

From a semantical standpoint, a logic can be regarded as a triple L =

(L,M, |=), where L is a set of sentences, the language of L, M is a set of inter-

pretations for L, and |= the satisfiability relation between interpretations and

sentences. In classical model theory, interpretations are mathematical struc-

tures. A class of structures is expressible in L if it is the class of models of some

sentence in L. Hence, in model theory we are mainly concerned with describing

which classes of structures can be expressed by a formal language. Usually one

makes no restriction on the cardinality of the structures involved and M is a

simple set or class, that is, no previous relation between structures is regarded.

Research in Computer Science has turned our attention to problems where

some previous relation among structures should be considered or there is some

restriction on the cardinality of the structures. That is the case, for instance,

of some logical approaches to nonmonotonic reasoning in Artificial Intelligence

such as Circumscription and Preferential Logics, where structures are related

through preference relations [Sho87, McC86], and in Database Theory and in

Descriptive Complexity [Imm99], where structures are essentially finite.

16
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In this work, we investigate the expressive power of logics whose model the-

ory deviates from the classical approach by some of these two aspects: either

their semantics depends on some relation between interpretations or interpre-

tations are finite objects. Our objective is to explore their model theory with

emphasis on the expressive power of the languages studied.

This thesis has three main parts. The overall motivation of this work is

the study of the model theory of some logics whose semantics deviate from the

classical approach, as said above. Each part has its own particular objectives

motivated by specific questions. In Chapter 2, we present some results for classes

of preferential logics, whose semantics involve a relation between interpretations,

using the approach of Abstract Model Theory [GMV07, Bez07, BF85]. Here we

are interested in the study of the expressiveness of a class of logics with respect to

the preferential semantics, that is, which classes of models can be expressed. In

Chapters 3 and 4 we investigate the finite model theory of Hybrid and Bounded-

Degree Second-Order Logic, respectively. Here the focus is on the descriptive

complexity, that is, how the logical resources with which logical languages are

equipped, such as quantifiers, fixed-point operators, etc., are related to their

ability to capture complexity classes [Imm99]. In the following sections, we

introduce the reader to these three works.

1.1 Preference Relations

The necessity to deal with reasoning over incomplete information in Artificial In-

telligence has led to the development of several logics to formalize nonmonotonic

reasoning [Bre91, MTR93]. Intelligent behaviour involves making inferences be-

yond one can get by deduction over current information, when it is incomplete.

In this case, it is possible that previously inferred conclusions are confronted

with new, reliable information, but which contradicts those previous inferences.

Hence, previously concluded assertions should be dropped in virtue of the new

information acquired.

This behaviour of consequence relations is called nonmonotonicity, since

old inferences are not necessarily preserved as the knowledge base increases.

Nonmonotonic logics are logics whose consequence relation presents this be-

haviour. Examples of nonmonotonic logics are Reiter’s Default Logic [Rei80,

Rei82, Poo94], McCarthy’s [McC80, McC86], Doyle and McDermott’s Non-

monotonic Logic and Shoham’s Preferential Models [Sho87, LM90]. Shoham’s
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Preferential Models are a semantical approach to nonmonotonic logic. It formal-

izes nonmonotonic consequence by using a preference relation between models.

Each preference relation between models gives rise to a consequence relation.

Hence, it allows us to generalize results for wide classes of nonmonotonic logics

whose semantics are based on preferential models.

In recent years, the interest in unifying approaches to logics has increased

[Bez06, Bez07]. Researchers are intended to develop techniques that allow us to

generalize results for classes of logics. The term Universal Logic has been used

to designate the general study of logics [Bez07]. In this context, a logic is treated

as a structure (L,`), where ` is intended to be a consequence relation. Classes

of logics can be defined by establishing the properties that such structures have.

Beside this, by treating such structures as objects of study, one can develop

theories of logics in some formal language.

An alternative way to deal with logics as structures is used in Abstract

Model Theory [GMV07, BF85]. Here, a logic is regarded as a triple (L,M, |=)

where |= is intended to be a satisfiability relation, as we said above. Some of

the first results in this field are Lindström’s theorems [Lin69, EFT94b]. They

give a characterization of first-order by stating that any logic, regarded as such

a triple, which attend to certain properties, such as compactness, Löwenheim-

Skolem and to be closed under boolean connectives, to be at least so expressive

as first- order logic. In [GMV07], Abstract Model Theory is suggested as the

branch of Universal Logic where semantic methods are applied.

We are interested in the study of nonmonotonic logics using the framework

of Abstract Model Theory. This approach will allow us to proof our results for

classes of logics in a uniform way.

In Chapter 2, we investigate the expressive power of nonmonotonic logics

defined through preferential models. We generalize results of [FM11b] for Cir-

cumscription to a class of preferential models following the approach of Abstract

Model Theory [GMV07]. We introduce expressible preferential logics, whose

preference relations can be defined by some abstract logic. We show that some

well-known nonmonotonic logics are preferential. We prove that they are ele-

mentary, which means that their preference relation can be defined in first-order

logic. We study expressiveness and definability results for a wide class of ab-

stract preferential logics in the spirit of Universal Logic. The two main results

of Chapter 2 are:

1. If the class of minimal models of a finite theory of an elementary prefer-
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ential logic is axiomatizable, then it is finitely axiomatizable.

2. If a symbol is defined in the class of minimal models of a finite theory of

an elementary preferential logic, then this class can be expressed by the

finite theory plus an explicit definition for the symbol.

In the other two parts of this work, we deal with the expressiveness of lan-

guages over finite models.

1.2 Finite Models

Finite Model Theory was developed in the last decades motivated by prob-

lems in Computer Science, specially Database Theory and Complexity Theory

[Lib04, Grä02, EF95]. One of the first results in this area is Trakhtenbrot’s

theorem [EFT94b]. It states that finite satisfiability of first-order sentences is

not semidecidable. Methods of Classical Model Theory strongly rely on the

fact that models can be infinite and results like compactness and Löwenheim-

Skolem do not hold any more and thus cannot be applied when one works with

finite models only. This led to the development of new techniques and concepts

to deal with the problems which arise when we consider finite models. These

techniques are heavily based on games, combinatorics and computability.

In the 1970’s, a surprising relationship between logic and computational com-

plexity was established. Fagin [Fag74a] showed that the class of queries com-

putable in nondeterministic polynomial time correspond to the class of queries

expressible in existential second-order logic. Previously, Büchi showed that the

class of regular languages corresponds to the class of queries on strings express-

ible in monadic second-order logic [Büc60]. These two results are important

because they give a machine-independent characterization of complexity classes.

After Fagin’s result, researchers started to look for the characterization of other

complexity classes using logical languages. It gave raise to the field of Descrip-

tive Complexity [Imm99], whose main purpose is to describe complexity classes

by means of expressiveness of logical languages, with the hope that results and

techniques from each side can be applied in the other.

In Chapters 3 and 4, we present some results on Finite Model Theory and

Descriptive Complexity. In Chapter 3, we study the expressibility of prob-

lems in the polynomial hierarchy through sequences of formulas of hybrid logic

[ABM01]. Hybrid logic extends usual modal logics with terms which refer to
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states in the underlying Kripke semantics. Modal logics are particularly suit-

able to talk about relational structures, specially graphs [BDRV02]. Hybrid

languages have been introduced to deal with some lack of expressiveness in

tense logic [Bla06]. Since then, further applications have been investigated and

more operators were introduced to deal with hybrid terms [Gor94, Gor96]. In

[BS09], Benevides and Schechter use formulas of hybrid logic to express some

graph properties in NP like being hamiltonian. For each n they show a formula

ψn which expresses such graph properties for graphs with n vertices. They sug-

gest to investigate whether other graph properties in NP can be expressed in

hybrid logic. We show how graph problems in the Polynomial Hierarchy (PH)

can be expressed by sequences of formulas of hybrid logic. We are particularly

interested in how the size of formulas grows in this sequence. The main results

of this chapter are:

1. The existence of formulas ψnG of full hybrid logic which express a graph

property G for graphs of size n for each graph property G in PH.

2. The size of such ψnG formulas is polynomial in n.

3. We give an alternative proof of the NP-hardness of a fragment of hybrid

logic different from the one presented in [tCF05].

In Chapter 4, we investigate a restriction of second-order logic where quan-

tified relation variables range over relations of bounded-degree. In [GO98],

Grandjean and Olive define the complexity class NLIN of problems solved in

nondeterministic linear time on a registers machine. They show that sets of

functions in NLIN correspond exactly to those definable in the existential frag-

ment of a restriction of second-order logic where second-order quantifiers range

over unary functions only using formulas whose first-order part has only one

variable which is universally quantified. In [DLS98], Schwentick et al. inves-

tigate several restrictions of existential second-order quantification and divide

them in four classes and separate them with respect to expressive power. In

particular, they separate existential quantification of unary functions from ex-

istential quantification of binary relations of bounded-degree, that is, relations

whose underlying Gaifman graph has degree bounded by a constant. Based on

these results, we consider the logic BDSO obtained when both existential and

universal quantifiers are considered. We also consider the logic BDSO(TC) ob-

tained by introducing the second-order transitive closure operator on relations

of bounded-degree. The main results of this chapter are:
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1. BDSO captures linear time on an alternating RAM with constant number

of alternations.

2. BDSO(TC) captures linear space on a nondeterministic RAM.

In the next section, we introduce some notation an basic definitions.

1.3 Preliminaries

The basic logic notation for classical logic used throughout this text follows that

in [EFT94b]. For instance, a symbol set S is a set of predicate, function and

constant symbols. We say that two symbol sets S and S′ are similar iff there

is a similarity function from S to S′, that is, a bijection f from S to S′ which

maps each n-ary predicate symbol (n-ary function symbol, constant symbol) in

S to an n-ary predicate symbol (n-ary function symbol, constant symbol) in S′.

We write f : S ∼ S′ to say that S is similar to S′ and f is a similarity function

from S to S′. A formula written using the symbols in S is an S-formula. An

S-structure is a pair A = (A, σ), where A is a set, the domain of A and σ

is a map which associates an n-ary relation σ(P ) = PA ⊂ An to each n-ary

relation symbol P ∈ S, an n-ary function σ(f) = fA : An → A to each n-ary

function symbol f ∈ S and an element σ(c) = cA ∈ A to each constant symbol

c ∈ S. We use Fraktur capital letters, such as A,B,C, . . . , to denote structures

and the corresponding Roman capital letters A,B,C, . . . for their domains. If

f : S ∼ S′ and A = (A, σ) is an S-structure, we write Af to refer to the similar

S′-structure Af = (A, σ ◦ f). We write A ∼= B meaning that A is isomorphic to

B. The cardinality |A| of a structure A is the cardinality of its domain.

Given a symbol set S = {R1, . . . , Rn, f1, . . . , fm, c1, . . . , ck}, we usually de-

note an S-structure A as A = (A,RA
1 , . . . , R

A
n , f

A
1 , . . . , f

A
m, c

A
1 , . . . , c

A
k ), where

σ(Ri) = RA
i , 1 ≤ i ≤ n, σ(fi) = fAi , 1 ≤ i ≤ m and σ(ci) = cAi , 1 ≤ i ≤ k. We

say that two S-structures A and B agree on S′ ⊆ S iff sA = sB, for each s ∈ S′.
Given S′ ⊂ S and an S-structure A, the S′-reduct of A is the S′-structure A|S′
with the same domain of A and such that sA|S′ = sA for each s ∈ S′. We call

A an expansion of A|S′ .
An S-structure A′ is a substructure of the S-structure A if A′ ⊆ A and

sA
′

is the restriction of sA to A′ for each relation or function symbol s in S

and cA = cA
′

for each constant symbol c in S. We call A an extension of

A′. We introduce the notation A|A′S′ , where A is an S-structure, S′ is a subset

of S and A′ is a subset of the domain A of A, to denote the substructure of
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domain A′ of the S′-reduct A|S′ of A. [BdFV01] calls A an expension (an

expansion of an extension) of A|A′S′ . We call A|A′S′ a subduct of A, that is, a

substructure of a reduct, if it exists1. Two S-structures A and B are isomorphic

iff there is a bijection h : A → B such that, for each k-ary relations symbol

R ∈ S and all a1, . . . , ak ∈ A, (a1, . . . , ak) ∈ RA iff (h(a1), . . . , h(ak)) ∈ RB,

for each k-ary function symbol f ∈ S, and all a1, . . . , ak ∈ A, fA(a1, . . . , ak) =

fA(h(a1), . . . , h(ak)), and each constant symbol c ∈ S, cA = cB.

We define below the first- and second-order logics.

Definition 1.1 (Language of First-Order Logic) Let S be a symbol set.

An S-term is the least set which contains constant symbols in S, first-order

variables and function symbols in S applied to S-terms. For example, if f is

a ternary function symbol in S, c and c′ constant symbols and x a first-order

variable, then fcxc′ is an S-term.

An atomic first-order S-formula is a first-order relation symbol in S applied

to terms. For example, if R is a binary relation symbol in S and t1 and t2 are

S-terms, then Rt1t2 is an atomic first-order S-formula.

The set of first-order S-formulas is the least set which contains the atomic

formulas and such that, if x is a first-order variable, α and β are S-formulas,

then ¬α, (α ∧ β), (α ∨ β), (α→ β), (α↔ β), ∃xα and ∀xα are S-formulas.

We now introduce the semantics of first-order logic. To do this, we need the

concept of first-order interpretation.

Definition 1.2 (First-Order Interpretation) A first-order S-interpretation

(or simply an S-interpretation) is a I = (A, β) where A is an S-structure and

β is an assignment of first-order variables that maps first-order variables into

elements in the domain A of A. Given an element a ∈ A and a variable x, we

define the assignment β ax such that β ax (x′) = β(x′) if x′ 6= x and β ax (x′) = a if

x = x′. We define the interpretation Iax = (A, β ax ).

The semantics of first-order logic is defined as follows:

Definition 1.3 (Semantics of First-Order Logic) Let I = (A, β) be an S-

interpretation. We define I(t) ∈ A for each S-term t as:

• I(x) = β(v) for each first-order variable x;

1It is not difficult to see that for some structures A not any a subset of the domain of A is
the domain of a substructure (and in the same sense, of a subduct) of A if there are constant
symbols or function in the symbol set.
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• I(c) = cA for each constant c in S;

• I(ft1 . . . fn) = fA(I(t1), . . . ,I(tn)), for each n-ary function symbol f in

S and S-terms t1, . . . , tn.

The satisfiability relation between S-interpretations and S-formulas is de-

fined as:

• I |= Rt1 . . . tn iff (I(t1), . . . ,I(tn)) ∈ RA, for each n-ary relation symbol

R and S-terms t1, . . . , tn;

• I |= ¬α iff I 6|= α;

• I |= (α ∧ β) iff I |= α and |= β;

• I |= (α ∨ β) iff I |= α or |= β;

• I |= (α→ β) iff, if I |= α then |= β;

• I |= (α↔ β) iff I |= α iff |= β;

• I |= ∃xα iff there is an a ∈ A such that Iax |= α;

• I |= ∀xα iff for all a ∈ A we have Iax |= α.

If α has no free variables and A is a structure, then A |= α iff there is an

interpretation I = (A, β) such that I |= α.

Let x = x1, . . . , xr be a tuple of variables. The quantifiers ∃=cx (exists

exactly c tuples), ∃≤cx (exists at most c tuples) and ∃≥cx (exists at least c

tuples) can be defined in first-order logic. Let xi = xi,1 . . . xi,r. We have:

∃≥cxφ(x) ≡ ∃x1 . . . xc(
∧

1≤i<j≤c

xi 6= xj ∧
∧

1≤c≤i

φ(xi)),

where ∃xi = ∃xi,1 . . . ∃xi,r and xi 6= xj =
∨

1≤k≤r(xi,k 6= xj,k),

∃≤cxφ(x) ≡ ¬∃≥c+1xφ(x)

and

∃=cxφ(x) ≡ ∃≥cxφ(x) ∧ ¬∃≥c+1xφ(x).

Second-order logic extends first-order logic in the following way:
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Definition 1.4 (Language of Second-Order Logic) Let S be a symbol set.

Besides first-order variables, the alphabet of second-order logic has relation vari-

ables of all possible arities. An atomic second-order S-formula is either a first-

order atomic S-formula or a relational variable applied to S-terms. For example,

if X is a ternary relation variable and t1, t2 and t3 are S-terms, then Xt1t2t3

is a second-order atomic S-formula.2

The set of second-order S-formulas is the least set which contains the atomic

formulas and such that, if x is a first-order variable, X is a second-order variable

and α and β are S-formulas, then ¬α, (α ∧ β), (α ∨ β), (α → β), (α ↔ β),

∃xα, ∀xα, ∃Xα, ∀Xα are S-formulas.

We now introduce the semantics of second-order logic. To do this, we need

the concept of second-order interpretation.

Definition 1.5 (Second-Order Interpretation) A second-order S-interpre-

tation is a pair I = (A, β) where A is an S-structure and β is an assignment

of first- and second-order variables that maps first-order variables into elements

in the domain A of A and r-ary relation variables into r-ary relations on A.

Given a r-ary relation variable X and a r-ary relation X on A, we define the

assignment βX
X as βX

X (X ′) = β(X ′) if X ′ 6= X and βX
X (X ′) = X if X = X ′.

We define the interpretation IX
X = (A, βX

X ).

The semantics of first-order logic is defined as follows:

Definition 1.6 (Semantics of Second-Order Logic) Let I = (A, β) be an

S-interpretation, X be a r-ary relation variable and t1, . . . , tr be S-terms. We

extend the satisfiability relation of first-order logic to second-order logic as fol-

lows:

• I |= Xt1 . . . tr iff (I(t1), . . . ,I(tr)) ∈ β(X);

• I |= ∃Xα iff there is an X ∈ Ar such that IX
X |= α;

• I |= ∀Xα iff for all X ∈ Ar we have IX
X |= α.

Now we define the hierarchies Π, Σ and ∆ for first- and second-order formu-

las.

2We often regard a second-order atomic formula as a first-order atomic formula too, in a
extended symbol set where X is not regarded as a relation variable but a relation symbol.
That is because, since in this formula there is no second-order quantification involved, it has
essentially a first-order character.
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Definition 1.7 (Π0
n, Σ0

n and ∆0
n) We define the sets Π0

n, Σ0
n and ∆0

n of first-

order formulas as:

• Π0
0 = Σ0

0 = ∆0
0 = the set of quantifier-free formulas;

• Π0
n+1 = the set of formulas of the form ∀x1 . . . ∀xmφ where φ ∈ Σ0

n;

• Σ0
n+1 = the set of formulas of the form ∃x1 . . . ∃xmφ where φ ∈ Π0

n;

• ∆0
n = Π0

n ∩ Σ0
n

Similarly for second-order logic we have:

Definition 1.8 (Π1
n, Σ1

n and ∆1
n) We define the sets Π1

n, Σ1
n and ∆1

n of first-

order formulas as:

• Π1
0 = Σ1

0 = ∆1
0 = the set of first-order formulas;

• Π1
n+1 = the set of formulas of the form ∀X1 . . . ∀Xmφ where φ ∈ Σ1

n;

• Σ1
n+1 = the set of formulas of the form ∃X1 . . . ∃Xmφ where φ ∈ Π1

n;

• ∆1
n = Π1

n ∩ Σ1
n

We usually use these sets to refer to the quantifier prefix of a formula. For

instance a Π0
2 formula is a formula with a quantifier prefix composed by two

blocks: a universal quantifier block followed by an existential quantifier block.

A Σ1
1Π0

1 formula is a formula with a block of existential second-order quantifiers

followed by a formula in Π0
1.

1.3.1 Queries and Complexity Classes

We will now introduce some notation and definitions used in finite model theory

and descriptive complexity. We follow the notation in [Lib04, EF95, Imm99].

Complexity classes are defined based on computation models. Many com-

plexity classes are defined on Turing machines and its variations. A Turing

machine is a quadruple M = (K,Σ, δ, q0), where K is a finite set of states,

q0 ∈ K is the initial state, Σ is a finite set of symbols (the alphabet of M). Σ

has two special symbols t, the blank symbol, and ., the first symbol. δ is the

transition function, a function in

K × Σ→ (K ∪ {“yes”})× Σ× {←,→,−}.
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A configuration of the machine is a triple (q, w, i) where q is the current state,

w is a string in Σ∗ and 0 < i ≤ |w| is the position of the symbol in w currently

scanned. The machine operates by performing the transitions specified by δ,

writing a symbol in the current position, changing its state and moving the

head. It starts with a string in the first positions of the tape and we say that

it accepts the string if it reaches the accepting state “yes” at some point of the

computation.

Complexity classes are defined based on computation models and the re-

sources used to perform the computation [Pap03]. Usually, complexity classes

are defined as classes of languages, that is, sets of sets of strings on some finite al-

phabet, since most common complexity classes are defined on Turing machines.

For example, the class DSPACE[f(n)] is the class of languages accepted by a de-

terministic Turing machine using space O(f(n)), where n is the size of the input.

The class NSPACE[f(n)] is the class of languages accepted by a nondetermin-

istic Turing machine using space O(f(n)) and the class ASPACE[f(n), g(n)] is

the class of languages accepted by an alternating Turing machine using space

O(f(n)) and allowing O(g(n)) alternations. Similar classes can be defined for

the resource time.

In finite model theory, interpretations are finite structures whose domain

are natural numbers, that is, if A has cardinality n, then its domain is n =

{0, . . . , n− 1}. We denote by STRUC[S] the class of finite S-structures. Beside

this, to each symbol set S there is a subset LS of the language whose elements

are called S-sentences. The satisfiability relation has the additional property

that if A |= φ, for an S-sentence φ, then A is an S-structure. When talking about

finite model theory, the logics considered will have the properties described in

Definition 2.7. As the interpretations considered are finite structures, we usually

omit the set of interpretations M when we consider a logic L = (L, |=).

We now introduce the concept of boolean query, which are decision problems

on structures.

Definition 1.9 (Boolean Query) A boolean query is a function

f : STRUC[S]→ {0, 1}

for some symbol set S such that f(A) = f(B) if A ∼= B. We usually regard a

query f as the set

A = {A ∈ STRUC[S]|f(A) = 1}.
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Examples of queries are the set of hamiltonian graphs and the set of finite

abelian groups. Given a logic L = (L, |=), an S-sentence φ ∈ LS defines a query

A = {A ∈ STRUC[S]|A |= φ}.

We are interested in the complexity of the decision problem defined by a sentence

of some logic L. To do this, we need to precisely define what means a decision

problem on structures to belong to a complexity class. Such definition depends

on the computation model on which the complexity class is defined. That is

because we need to code finite structures as inputs to such complexity classes

and such code may differ according to the computation model. Turing machines

have strings as inputs while register machines have sequences of natural numbers

as inputs. As an example, we will show how to code structures as strings.

Let S = {R1, . . . , Rl, c1, . . . , cm} be a relational symbol set and

A = (A,RA
1 , . . . , R

A
l , c

A
1 , . . . , c

A
r )

an S-structure of cardinality |A| = n. To each k-ary relation R on A we associate

a binary string bin(R) of size nk in the following way. Let a ∈ Ak be the m-th

element in the lexicographic ordering of Ak induced by the natural ordering of

A = {0, . . . , n − 1}. Then bin(R) has a 1 in position m iff a ∈ R. To each

element 0 ≤ a ≤ n − 1 ∈ A we define bin(a) as the binary representation of a.

We then code the structure A as

bin(A) = bin(RA
1 ) . . . bin(RA

l )bin(cA1 ) . . . bin(cAr ).

Let A be a boolean query on S-structures. It gives rise to a language LA =

{bin(A) ∈ {0, 1}∗|A ∈ A}. Let C be a complexity class. We say that a query A
belongs to C (A ∈ C) iff LA is in C.

Definition 1.10 (L captures C) A logic L captures a complexity class C iff

each query expressible in L is in C and each query in C is expressible in L.

The notion of completeness for complexity classes depends on the concept

of reduction.

Definition 1.11 (Many-One Reduction) Let S and S′ be symbol sets and

A ⊆ STRUC[S] and B ⊆ STRUC[S′] be two queries, a many-one reduction from
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A to B is a function

f : STRUC[S]→ STRUC[S′]

such that

A ∈ A iff f(B) ∈ B.

Definition 1.12 A query A is hard for a class C with respect to reductions

in R iff for each query B ∈ C there is a reduction from B to A in R. A is

complete for a class C with respect to a class of reductions R iff A is hard for

C with respect to reductions in R and A ∈ C. A complexity class C is closed

under reductions in R iff, whenever a query A can be reduced to a query B ∈ C,

then A ∈ C.

A well known result of descriptive complexity is the correspondence between

the polynomial hierarchy and the alternation hierarchy of second-order logic

(with respect to finite models) [Imm99, Fag74a].

There are several ways to define the polynomial hierarchy, for example using

alternating Turing machines [Imm99]. In this chapter we assume the definition

presented in [Pap03], which uses Turing machines with oracles to define PH.

A Turing machine with an oracle is a machine that has the special ability

of guessing some specific questions. When a Turing machine has an oracle for

a decision problem B, during its execution it can ask for the oracle if some

instance of problem B is positive or negative. This is made in constant time,

regardless of the size of the instance. We use the notation MB to define a Turing

machine with an oracle for a problem B. In a similar way, we define CB, where

C and B are complexity classes, as the class of problems solved by a Turing

machine in C with an oracle in B.

Definition 1.13 (Polynomial Hierarchy) Consider the following sequence

of complexity classes. First, ∆p
0 = Σp0 = Πp

0 = P, the class of problems solvable

in deterministic polynomial time, and, for all i ≥ 0,

1. ∆p
i+1 = PΣp

i

2. Σpi+1 = NPΣp
i

3. Πp
i+1 = coNPΣp

i .

We define the Polynomial Time Hierarchy as the class PH =
⋃
i≥0

Σpi .
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1.3.2 Fagin’s Theorem

To illustrate the kind of result in which we are interested in Descriptive Com-

plexity, we will sketch the proof of Fagin’s Theorem. The reader familiar with

this result may skip to the next chapter. The idea of the proof is to give a

suitable codification of the run of a Turing Machine as a relation on the domain

of a structure and to give a formula that checks whether the run is an accepting

one.

Without loss of generality, let A be a query on graphs, that is, a subset of

STRUC[S] where S = {E} and E is a binary relation symbol. Suppose A ∈
NP. It means that the language LA is in NP, that is, there is a nondeterministic

Turing machine M that accepts LA in nondeterministic polynomial time. It

means that there is a polynomial nk
′

such that an accepting run of M has at

most nk
′

steps, where n is the size of the input. Let A be a graph of cardinality

m. Note that, since the cardinality of A is m, then the length of bin(A) =

m2 + m ≤ m3 for m ≥ 2. We will write a formula that checks whether bin(A)

is accepted by M . Let < be an order relation on the domain of A. Using the

order < we can define a lexicographic order <l on l-tuples. We define <1=<

and a1 . . . al <
l b1 . . . bl iff a1 < b1 or a1 = b1 and a2 . . . al <

l−1 b2 . . . bl.

We will code the configurations of the Turing machine M as tuples. Let

k = 3k′. Since the machine runs in nk
′

steps where n is the size of the binary

representation of the structure, and n ≤ m3, we will use a tuple t = t1 . . . tm3k′ =

t1 . . . tmk of elements of A to represent a timestamp. We will also use a tuple

p = p1 . . . pmk to represent a position in the tape, and a tuple h = h1 . . . hmk to

represent the position of the head on the tape. Let r be the number of states

of M .

We will use r elements q1, . . . , qr of A to represent the states of M . Let us

suppose that the alphabet of the machine consists of 0, 1 and b, for blank. We

will use 3 elements of A to represent these symbols (for the sake of simplicity, lets

denote these elements 0, 1 and b). And we will also use 3 elements to represent

the moves of the head l, r and s for left, right and the head to stay in the same

position. (To avoid a notation overload, we will use below these symbols both

as elements of A and as constants that refer to these elements. It is clear from

the context to which one we refer.) We may assume that A is sufficiently large

so that there are elements enough to represent states and symbols.

Now, we will use a 2mk+1-ary relation T to represent the tape at each given

time. That is, a tuple tsc ∈ T iff at time t the symbol at position p is c, where
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c ∈ {0, 1, b}.
We will use a 2mk-ary relation H to represent the position of the head at

time t. That is the tuple tp is in H iff the head of the machine is in the position

p at time t.

We will use an mk + 1-ary relation Q to represent the state of the machine

at a given time. For example, a tuple tqi ∈ Q iff the state of the machine at

time t is qi.

We will use an mk + 1-ary relation D to represent the move made by the

head to reach the current position. For example, a tuple tl ∈ D iff the head

moved to the left in the transition from the previous configuration to the current

configuration at time t.

Now we will write a formula in the symbol set

{<,E, T,H,Q,D, 0, 1, b, l, r, s, q1, . . . , qr, “yes”}

which checks whether the relations T , D, Q and H code a run on the machine

M . Suppose that constant symbols in the symbol set above are interpreted

by different elements. Let A = {0, . . . ,m − 1} and suppose, without loss of

generality, that < is the natural order on A, and that qr is the accepting state.

We can write a formula φ0 which describes the initial configuration of M . Let

bin(A)(i) be the symbol in the position i of bin(A). Let 0l = 0 . . . 0 be an l-tuple.

We define φ0 as:

φ0 = ∀xy(Exy → T0mk0mk−2xy1) ∧

∀xy(¬Exy → T0mk0mk−2xy0) ∧

∀x1 . . . ∀xmk(x1 . . . xmk−2 6= 0mk−2 → R0mkx1 . . . xmkb) ∧

H0mk0mk ∧

Q0mkq0.

The formula above says that, in the first m2 positions of the tape at time

zero we have the binary representation of A (recall that A is an {E}-structure)

and that there are blanks in the remaining positions. It also says that the head

starts at the beginning of the tape and that the initial state is q0.

We now should write a formula that, given a configuration of the machine

at time t says what is the configuration of the machine after the next step.
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Let t, t+ 1, p, p+ 1, p− 1 be mk-tuples of variables. The first two are in-

tended to represent a point in the time, and the last three are intended to rep-

resent a position in the tape. We can write a first-order formula succmk(t, t+ 1)

which says that t+ 1 (resp. p+ 1) is the successor of t (resp. p) with respect

to the lexicographic ordering on mk-tuples induced by < (if t+ 1 represent the

least element with respect to <m
k

, then t and t+ 1 represent the same element).

The following formula says that t and t+ 1 (resp. p− 1, p and p+ 1) represent

consecutive points in time (resp. consecutive places on the tape):

θ = succmk(t, t+ 1) ∧ succmk(p, p+ 1) ∧ succmk(p− 1, p).

We can suppose that for each pair symbol-state there are exactly 2 tran-

sitions (since the machine is nondeterministic). For each pair of transitions

α = (s, q, d′, s′, q′) and α′ = (s, q, d′′, s′′, q′′) we have a formula that controls the

tape, the state of the machine and the direction to which the head moved, in

the case one of these transitions is chosen:

TQDαα′ = Qtq ∧Ht p ∧ Tt ps→(
(Tt+ 1 ps′ ∧Qt+ 1q′ ∧Dt+ 1d′)∨

(Tt+ 1 ps′′ ∧Qt+ 1q′′ ∧Dt+ 1d′′)
)

For each such pair of transitions we need the formula above. For the entire

transition table we have:

TQD =
∧

α,α′∈δ

(TQDαα′)

The following formula controls the move of the head:

Head = Dtr → Ht p+ 1 ∧Dtl→ Ht p− 1 ∧Dts→ Ht p

The following formula checks whether the run is an accepting run:

acc = ∃tQt“yes”.

Let ord(<) be a first-order formula that says that < is a linear order.

Now, we just need to make a conjunction of the formulas defined above and
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existentially quantifying de new symbols introduced in the proof, namely {<
, T,H,Q,D, 0, 1, b, l, r, s, q1, . . . , qr, “yes”}, just the symbol E lasts unbounded

by a quantifier:

∃ < ∃T∃H∃Q∃D∃0∃1∃b∃l∃r∃s∃q∃“yes”∀t∀t+ 1∀p− 1∀p∀p+ 1(

ord(<) ∧ θ ∧ φ0 ∧ TQD ∧Head ∧ acc)

This show that any query computable by a nondeterministic Turing machine

in polynomial time can be expressed by an existential second-order sentence.

For the converse, i.e., to show that we can evaluate a second-order existential

sentence on a structure, it is sufficient to observe that we can use a nonde-

terministic Turing machine to guess the values of the quantified variables and

check the first-order part of the formula in polynomial time, since the size of

the relations are polynomial.

Theorem 1.1 (Fagin’s Theorem) ∃SO = NP.

Fagin’s Theorem can be generalized to the Polynomial Hierarchy. In partic-

ular, we have:

Theorem 1.2 ([Imm99]) Let G be a graph property in the polynomial hierar-

chy. Then there is a second-order sentence φ (not necessarily existential) in the

language of graphs such that G ∈ G iff G |= φ.

In the following chapter, we will present the first results of this work, namely

on the expressiveness of nonmonotonic logics using the approach of Abstract

Model Theory.



Chapter 2

Abstract Preferential Logics

In this chapter, we introduce expressible preferential logics, whose preference

relations can be defined by some abstract logic. Our approach follows that of

Abstract Model Theory. We show that some well-known nonmonotonic logics

are preferential. We prove that they are elementary, which means that their

preference relation can be defined in first-order logic. We study expressiveness

and definability results for wide classes of abstract preferential logics in the

spirit of Universal Logic. We present a collapse result for expressible preferential

logics. We prove that, for a class of expressible preferential logics, if the class

of minimal models of a finite set of sentences is ∆-L-expressible, then it is L-

expressible, that is, such class of models can be finitely axiomatized in L. Using

this result, we show that under certain conditions one can axiomatize the class

C of minimal models of a finite set of sentences where some symbol P is defined

using that set and an explicit definition for this symbol. The results obtained

generalize some results presented in [FM11b] and were published in [FM11a].

2.1 Introduction

In practical situations, people reason and act without complete or sufficient

knowledge about the situation that they are dealing with. Sometimes, there is

no way or it is too much expensive to obtain all the necessary information in

order to be secure about our conclusions. However, in such cases, we may find

ourselves in a position in which it is mandatory to take some action or make

some inferences. For instance, a pilot which need to abort landing the airplane

33
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for some technical problem just discovered will immediately go-around instead

of waiting for the confirmation that this action will not lead to a crash with

another aircraft. Reasoning under such circumstances is, thus, required. Any

system intended to describe or simulate practical reasoning must be able to deal

with the lack of information. Actually, even in daily activities we assume beliefs

which we take as certain, but for which there is no logical, deductive justification

[Hum07]. However, although we cannot deduce from earlier facts that to put

ours hands on the fire will burn them, no mentally healthy person will do this

and think that nothing will go wrong.

The lack of information and the need for drawing conclusions force us to

go beyond of which can be deduced from our partial, current knowledge. In

real life, we make use of general or uncertain knowledge, such as that “birds

generally flies” and that penguins do not, to guide us in the task of making

such assumptions. However, due to the character of uncertainty of such sort

of assumption, it may be confronted with new, reliable information and be

refuted. Hence, besides the ability of handling the lack of information and

the use of general and uncertain knowledge, another feature of a system that

models practical reasoning is to be able to backtrack and drop some conclusions

previously inferred from uncertain assumptions in order to stay consistent with

the new information obtained.

In order to formalize practical reasoning under partial knowledge, classical

logic is not appropriate. In fact, classical logic is deductive and, as a deductive

approach to reasoning, classical logic cannot go beyond and infer more than what

is already known. As we argued above, in practical situations one must conclude

more than what can be deduced, that is, a logical system for practical reasoning

must allow non-deductive inferences. Another feature of classical reasoning is

the monotonicity property: the addition of new premises does not invalidate

previous inferences. On the contrary, logical systems for practical reasoning

must be nonmonotonic, since conclusions taken under partial knowledge may

be defeated. Hence, classical logic is not suited to properly deal with practical

reasoning.

In the 1980s, with the increasing interest in Artificial Intelligence, some

nonmonotonic logical systems where proposed to formalize practical reasoning,

such as Reiter’s Default logic [Rei80], Doyle and McDermott’s Nonmonotonic

logic [MD80] and McCarthy’s Circumscription [McC80, McC86]. Our focus here

is in the latter approach since we are interested in minimal models, as we explain

below.
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McCarthy’s Predicate Circumscription is one of the most studied logical ap-

proaches to nonmonotonic reasoning (see [Lif94] for a good introduction and

extensive bibliography). In [McC80], McCarthy introduces Circumscription to

deal with the Qualification Problem. The Qualification Problem is the prob-

lem of describing or qualifying the necessary conditions to take an action or

safely infer some information in a given situation. As argued in [McC80], it is

practically impossible to deal with the huge amount of constraints or conditions

necessary for the success of an action. In practice, people disregard many possi-

ble obstacles or assumptions contrary to some conclusion just because they are

unknown, there is no evidence for it, or they usually do not happen. Usually,

we concentrate on the relevant evidences drawing conclusions even in the ab-

sence of information about conditions of success. We also suppose, under the

lack of knowledge about the consequences of some action, that things not di-

rectly involved in an action will stand as they were before the action was taken.

McCarthy also argued that if, on the one hand, we must go beyond what can

be deduced from the known information, on the other hand we should avoid

unreasonable assumptions. That is the case, for instance, of the winged horse

solution for McCarthy’s Missionaries and Cannibals puzzle [McC80]. General

or default knowledge is used as an heuristics, a guide to reasoning.

The intuitive idea of Predicate Circumscription is to consider that the objects

which have some property are only those necessary to satisfy the problem de-

scription. In [McC80], Predicate Circumscription was introduced as a first-order

formula schema and, in [McC86], as a second-order formula, with an additional

extension called Formula Circumscription. Here, we will call them first-order

Circumscription and second-order Circumscription, respectively. Predicate Cir-

cumscription works minimizing the extent of some relation in the problem de-

scription. A variant called Parallel Circumscription works minimizing a tuple

of relations at the same time. In a model of a circumscribed theory, the circum-

scribed relations are intended to have their extents as minimal as possible and

satisfying the theory. Such models are called minimal models.

A general approach to nonmonotonic logic was given by Gabbay [Gab85].

He gave a characterization of nonmonotonic consequence relation similar to the

characterization of deductive consequence given by Tarski, which can be seen

as axioms for logical systems in the following sense.

A logic, or logical system, is usually regarded as a pair L = (L,`) where

` ⊆ ℘(L)×L and Γ ` φ is intended to mean that φ can be inferred by Γ. Tarski

defined a deductive logical system as one in which ` has reflexivity, transitivity
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and monotonicity, namely:

(Reflexivity) Γ ` φ, for each φ ∈ Γ.

(Transitivity) If Γ ∪ {φ} ` ψ and Γ ∪ {ψ} ` θ then Γ ∪ {φ} ` θ.

(Monotonicity) If Γ ` φ then Γ ∪∆ ` φ.

Gabbay was interested in defining the properties a nonmonotonic conse-

quence relation should satisfy [Gab85]. Akin to Tarski’s characterization of

deductive consequence relation, Gabbay defines reflexivity, transitivity and cau-

tious monotonicity (see [Gab85, KLM90]1) as the properties a “good” nonmono-

tonic logic should have. Cautious monotonicity is defined as follows, where |∼
represents a nonmonotonic inference relation:

(Cautious Monotonicity) If Γ |∼ α and Γ |∼ φ then Γ ∪ {α} |∼ φ.

Another approach to nonmonotonic reasoning is Shoham’s preferential mod-

els. Shoham studied nonmonotonic logics from the semantical point of view.

Shoham introduced the notion of preferred model by considering an order (a

strict partial order) relation over the models used in the semantics of some logic

[Sho87]. Using the preference relation, a new nonmonotonic consequence rela-

tion is defined. This approach generalizes Circumscription since in principle any

pre-order on structures can be regarded. Gabbay’s and Shoham’s approaches

were further investigated in [KLM90], which introduced the cumulative mod-

els, a generalization of Shoham’s preferential models, and showed that such

cumulative models can be used to give semantics to propositional logics with

nonmonotonic consequence relation satisfying Gabbay’s properties.

We are interested in the study of preferential logical systems from the se-

mantical standpoint, that is, through the study of preferential models. Here, we

will be specially concerned with preferential semantics in the sense of Shoham.

We begin with a triple L = (L,M, |=) where L is a set (of sentences), M is a

class of interpretations for L and |= is a satisfiability relation between elements

in M and L. We call L an abstract logic [BF85, CK73, GMV07]. In order to ob-

tain a preference semantics for L, we need only a preference relation ≺ between

the elements of M. The quadruple L′ = (L,M, |=,≺) where L = (L,M, |=) is

an abstract logic and ≺ is a preferential relation between the elements of M
1Gabbay uses the term “restricted monotonicity” instead of “cautious monotonicity” due

to [KLM90].
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defines what we call an abstract preferential logic. Additionally, if ≺ can be

expressed by some preferential logic, then L′ is an expressible preferential logic.

The expressiveness of an abstract preferential logic can be examined from two

perspectives: the classes of structures in M which can be expressed by sentences

in L with respect to |=, and the classes of structures which are minimal models

of sentences in L with respect to ≺. Also, from an abstract preferential logic,

we can define two possibly different consequence relations: One defined using

all models in M and another using only minimal models with respect to ≺. The

last one can be nonmonotonic.

We are particularly interested in analysing the expressiveness and definabil-

ity properties of abstract preferential logics with expressible preference relation.

Our focus is in their expressive power with respect to minimal models and its

relationship with expressible classes of (not necessarily minimal) models (see

Definition 2.11). In this work, we aim to give general proofs which hold for

any expressible preferential logic in large classes, in the spirit of Universal Logic

[Bez07, Bez06].

Universal Logic is intended to be a general theory of logics. One of the goals

of Universal Logic is to generalize important logical properties, like compactness,

Lowenheim-Skolem, etc., by establishing necessary and sufficient conditions for

logics to hold these properties. Some of the results presented here generalize

others presented in [FM11b] for the particular case of Circumscription to wide

classes of expressible preferential logics. To achieve this, we will follow the

approach of Abstract Model Theory (see for instance [BF85, GMV07]).

This chapter is divided as follows: In Section 2.2, we will introduce the basic

concepts regarding Abstract Model Theory, preference relations and minimal

models. In Section 2.3, we will give some examples of known logical systems

which can be characterized by expressible preferential logics. We will show that

McCarthy’s Circumscription and Reiter’s normal default rules can be seen as

elementary preferential logics, which means that they are expressible preferential

logics whose preference relations can be expressed in first-order logic. In Sections

2.4 and 2.5 we will present our main contributions. In Section 2.4, we will give

an example of the expressive power of an expressible preferential logic with

respect to minimal models. We will use a well known preferential logic, namely

McCarthy’s Circumscription, to give an example of preferential logic L in which

there are classes of minimal models of finite sets of sentences which cannot be

expressed, in the sense of Definition 2.11, even by infinite sets of sentences in L.

After that, we will show that, if an abstract preferential logic L has some key
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properties, whenever the class of minimal models of a finite theory in L coincides

with the class of models (minimal or not) of an infinite set of sentences in L,

then it coincides with the class of models (minimal or not) of a finite one.

That is, those properties guarantee that the class of minimal models of a finite

theory is finitely axiomatizable in L or it is not even axiomatizable by infinite

theories in L. As a consequence, there is a gap in the possible classes of minimal

models of sentences in L, as depicted in Figure 2.1. In Section 2.5, we will give

an application of the results in Section 2.4 to the definability theory. We will

consider the cases where some relation symbol, say R, is defined in the class C
of minimal models of some finite theory T in L. The only restriction is that we

need that the models of T where R is empty, if any, are all minimal. We will

show how the results of Section 2.4 permit us to axiomatize C in terms of the

initial theory T and an explicit definition for the defined relation symbol.

2.2 Expressible Preferential Logics

In this section, we will present the definitions upon which our theory will be

developed. We will recall the concept of abstract logic [BF85, CK73, GMV07]

and introduce new concepts to deal with preference relations. We will avoid,

as much as possible, to say what are the sentences of our logical systems since

we want that our results do hold for a variety of logics. Such logics will be

characterized by the properties held by their satisfaction relations. Even without

making the structure of our sentences explicit, we will be able to describe the

semantical properties of the sentences with respect to the satisfiability relation,

a central basic concept in this work.

We begin with the definition of logical system used here.

Definition 2.1 (Language, Consequence and Logical System) We con-

sider that a language L is a set whose elements are called sentences. A conse-

quence relation ` is a subset of ℘(L)×L. A logical system (or logical structure

[Bez07]) is a pair L = (L,`).

Although we have used the terms “language” and “sentence” in the definition

above, we do not make any linguistic or syntactical assumption about these

things. That is, L can be any set.

Many logical systems studied in logic have semantic characterizations. In

Abstract Model Theory, the central concept is that of abstract logic. Logical
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systems are studied in Abstract Model Theory through the concept of abstract

logic [BF85, CK73, GMV07]. Abstract logics are used, for instance, in the proof

of Lindström Theorems [Lin69, EFT94a]2.

Definition 2.2 (Abstract Logic) An abstract logic is a triple (L,M, |=) with

a language L, a class M whose elements are called interpretations for L or L-

interpretations, and a satisfiability relation |= between L-interpretations and

sentences in L, that is, a subset of M × L. If Γ is a set of sentences and I is

an interpretation, then I |= Γ iff I |= φ for each φ in Γ.

Abstract logics are essential to our work, mainly the abstract preferential

logics introduced below. From this point of view, the main relation is the satis-

fiability relation, from which many properties of the considered logical systems

can be defined.

From an abstract logic, we can define a standard consequence relation.

Definition 2.3 (Standard Consequence Relation) Let L = (L,M, |=) be

an abstract logic. We define a standard consequence relation `L as

Γ `L φ iff, for all I ∈M, if I |= Γ then I |= φ.

We omit the subscript L when it is clear from the context.

The symbol ` is commonly used to represent consequence relations syntac-

tically defined, that is, by means of a deductive system. Here, this symbol is

used to denote any sort of consequence relation, as in Definition 2.1.

Note that due to the definition of I |= Γ given by Definition 2.2, the standard

consequence relation defined in Definition 2.3 above is deductive in the sense of

Tarski.

In order to investigate preferential logics following the approach of Abstract

Model Theory, we will extend the concept of abstract logic.

Definition 2.4 (Abstract Preferential Logic) An abstract preferential lo-

gic is a quadruple L = (L,M, |=,≺) where (L,M, |=) is an abstract logic and ≺
is a binary relation between elements in M.

The binary relation ≺ on M represents the preference between the interpre-

tations in M. Our concept of abstract preferential logic generalizes Shoham’s

2In [EFT94a], abstract logics are simply called logical systems, a term used here with
another meaning as presented in Definition 2.1.
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concept of preferential logic since we allow any sort of binary relation between

interpretations as a preference relation, while Shoham’s definition considered

only strict partial orders [Sho87].

Sometimes, we can select the “most preferred” among some (or all) inter-

pretations in M. Such interpretations correspond to the concept of minimal

elements of a binary relation.

Definition 2.5 (Minimal Element and Minimal Models) Let ≺ be a bi-

nary relation on a class C. Let C′ be contained in or equal to C. An element

C in C′ is a ≺-minimal element of C′ iff there is no element B in C′ such that

B ≺ C but C 6≺ B.

Let (L,M, |=,≺) be an abstract preferential logic and let Γ be a set of elements

of L. We say that I in M is a ≺-minimal model of Γ iff I is a ≺-minimal

element of {I ∈M|I |= Γ}.

From an abstract preferential logic, we can define a (possibly nonmonotonic)

consequence relation and, hence, a (possibly nonmonotonic) logical system.

Definition 2.6 (Preferential Consequence and Logical System) Let L =

(L,M, |=,≺) be an abstract preferential logic. We define a preferential conse-

quence relation |∼L between sets of elements in L and elements in L as

Γ |∼L φ iff, for each ≺-minimal model I of Γ, I |= φ.

We call the structure L′ = (L, |∼L) a preferential logical system.

If ≺ is a strict partial order, the consequence relation |∼L in the definition

above is exactly the kind of nonmonotonic consequence relation considered in

[Sho87]. It must be noted that from an abstract preferential logic L = (L,M, |=
,≺) we can define two consequence relations: a preferential consequence relation,

as presented in Definition 2.6 above, and a standard one, defined as in Definition

2.3 with respect to the abstract logic (L,M, |=).

As one can see, the concepts defined above do not depend on the structure

of L or on what are the elements in M. Here, we will be concerned with ab-

stract preferential logics which have structures as the interpretations for their

languages, that is, such that the class M is a class of relational structures.

Since structures will be the basic interpretations for us, the following as-

sumptions for languages and satisfiability relations will be useful. Some of the

properties below are used in [EFT94a, Chapter XIII].
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Definition 2.7 (Languages and Satisfiability Revisited) A language (in-

tended to be interpreted by structures) is a set L of sentences such that, for each

symbol set S, LS is a subset of L whose elements are called the S-sentences of

L and such that

• if S0 ⊆ S1, then LS0 ⊆ LS1 .

A satisfiability relation for L is a binary relation |= between S-structures and

sentences in LS with the following properties:

• (Isomorphism Property) if A |= φ and B ∼= A then B |= φ;

• (Reduct Property) if φ ∈ LS0 , A is an S-structure and S0 ⊆ S, then A |= φ

iff A|S0 |= φ;

• (Symbol Invariance Property) if f : S ∼ S′ and φ ∈ LS then there is a

φ[S′\S] ∈ LS′ such that, if A = (A, σ) is an S-structure, then A |= φ iff

Af |= φ[S′\S].

Hereafter, the languages and satisfaction relations used will have the prop-

erties in Definition 2.7. We call ModLS(Γ) the class of S-structures which are

models of the sentences in the set Γ of S-sentences. Given a class of S-structures

C, we call ThLS(C) the set of S-sentences in L satisfied by every S-structure in

C.

Now, we will introduce the central concept of this chapter: L-expressible

preference logics defined over an L-expressible preference relation. Intuitively,

an L-expressible preference relation is a collection of pairs of structures defined

by an L-sentence in a suitable way. Given a symbol set S, we define the relation

≺φ(S,S′) through a defining sentence φ(S, S′). S′ is a symbol set similar to S

and S and S′ are disjoint. To be precise, if

S = {R1, . . . , Rn, f1, . . . , fm, c1, . . . , ck},

then

S′ = {R′1, . . . , R′n, f ′1, . . . , f ′m, c′1, . . . , c′k},

if s ∈ S has arity n then so is s′, and S ∩ S′ = ∅. We will also allow two new

unary symbols A and A′ to appear in φ(S, S′). The sentence φ(S, S′) is in fact

an S∪S′∪{A,A′}-sentence. The idea is that from an S∪S′∪{A,A′}-structure

A′′ we can define two structures, namely, a substructure A of the S-reduct of
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A′′ and a substructure A′ of the S′-reduct of A′′. The domains of A and A′ are

defined by the interpretations AA′′ and A′A
′′

of the monadic predicate symbols

A and A′ in the S ∪ S′ ∪ {A,A′}-structure A′′. It can be easily seen that A′′ is

a common expension of A and A′. As it was previously remarked, not always

a subset of the domain of a structure is the domain of a substructure or a

subduct. In this way, we will consider only those pairs which are subducts of

an S ∪ S′ ∪ {A,A′}-structure. In particular, if S is composed only by relation

symbols, then the subducts are always well defined.

Definition 2.8 (Expressible Preference Relation) Let S and S′ be sym-

bol sets such that f : S ∼ S′, for some f , and L be an abstract logic as de-

fined above. Let φ(S, S′) be an S ∪ S′ ∪ {A,A′}-sentence of L such that, if

A′′ |= φ(S, S′) then there is A = A′′|AA′′

S and A′ such that A′f = A′′|A′A
′′

S′ . We

define the relation ≺φ(S,S′) between S-structures as

A ≺φ(S,S′) A′

iff

there is A′′ such that A′′ |= φ(S, S′) and A = A′′|AA′′

S and A′f = A′′|A′A
′′

S′ .

≺ is an L-expressible preference relation iff ≺=≺φ(S,S′) for some sentence

φ(S, S′) in L. If L is first-order logic, we call ≺φ(S,S′) an elementary pref-

erence relation.

Note that the relation ≺φ(S,S′) may not be symmetric. The structure A′′

can be thought of as comprising two S-structures A and A′, but one of them is

represented in A using symbols in S′. Then we can refer to the relations of A′

in A using the symbols in S and to the relations of A′′ in A using the symbols

in S′.

Definition 2.9 (Expressible Preferential Logic) We call an abstract pref-

erential logic L′ = (L′,M′, |=′,≺) an L-expressible abstract preferential logic

(L-expressible preferential logic, for short) iff ≺ is an L-expressible preference

relation. We omit L- when L is clear from the context or when we want to say

that a preference relation or an abstract preferential logic is L-expressible for

some L. If ≺ is an elementary preference relation, then L′ is an elementary

preferential logic.

In the next section, we will give some examples of known nonmonotonic

logics which can be presented as abstract preferential logics and we will show

that they are in fact elementary preferential logics.
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2.3 Examples of Elementary Preferential Logics

In this section, we shall exhibit two examples of nonmonotonic logics which can

be presented as expressible preferential logics: McCarthy Predicate Circum-

scription and Reiter’s Normal Default Logic. We will show that they are ele-

mentary preferential logics, that is, abstract preferential logics L = (L,M, |=,≺)

where the preference relation ≺ is FO-expressible (see Definition 2.9).

Example 2.1 (Predicate Circumscription) Consider the following known

problem. Suppose we want to axiomatize the facts that: i) generally birds fly,

ii) penguins are birds which do not fly and iii) Tweety is a bird. The last two

can be easily described by the following first-order sentences in the symbol set

{bird, penguin, fly, Tweety}:

∀x(penguin(x)→ bird(x)) ∧ ∀x(penguin(x)→ ¬fly(x)), (2.1)

bird(Tweety). (2.2)

The proposition i), however, involves the concept of “generally fly.” This is a

vague information, since it says something about the class of birds, but does not

say how we can apply it to particular birds. In such a situation, for instance,

one would prefer to infer, on the absence of information about Tweety being

a penguin or not, that Tweety is a “general bird” and that it is plausible that

it flies. The way Circumscription deals with this problem is through the so-

called abnormality theories. A new predicate, say abnormal, is introduced in

the theory in order to deal with the exceptions to the general information, in

this case that birds generally fly. For instance, i) is represented by the following

sentence:

∀x(bird(x) ∧ ¬abnormal(x)→ fly(x)) (2.3)

and, to the sentence above, it should be added the following circumscription

policy :

circ abnormal varfly. (2.4)

Let T be the set composed by the sentences (2.1), (2.2) and (2.3) above. As a set

of first-order sentences, T has some models where fly(Tweety) holds and some

where it does not hold. The circumscriptive policy (2.4) indicates that we are
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interested in those models of T which have the least possible interpretation for

the abnormality predicate symbol which satisfies the sentences in T , and that

the interpretation of fly is allowed to vary in order to get a smaller interpretation

for abnormality (see [Lif94]). In this case, the least possible interpretation for

abnormal in T is the empty set, but in this case the interpretation of fly must

include Tweety. Hence, from T and the circumscriptive policy (2.4), we infer

fly(Tweety) by circumscription. One can see that, if a new information is added

that Tweety is a penguin, which corresponds to the sentence

penguin(Tweety),

the least possible interpretation for abnormal is no longer the empty set and

hence we cannot infer fly(Tweety) any more.

In general, an abnormality theory is a pair 〈T,C〉 where T is a finite set of

first-order sentences in a symbol set S ∪ {abnormal1, abnormal2, . . . } and C is

a set of circumscription policies. For the sake of simplicity, we will consider C

a singleton.

McCarthy [McC86] defined Circumscription in the following way. Let S be a

symbol set, and let P and Z = Z1, . . . , Zn be relation symbols. Given the

circumscription policy circ P var Z we define the consequence relation `P ;Z
Circ

between finite sets T (P,Z) of S∪{P,Z}-sentences and S∪{P,Z}-sentences as3

(see [McC86]):

T (P,Z) `P ;Z
Circ φ

iff

T (P,Z) ∧ ∀P ′∀Z ′(P ′ ( P → ¬T (P ′, Z ′)) `SO φ,

(2.5)

where `SO is the second-order logic consequence relation. The consequence

relation `P ;Z
Circ corresponds to the circumscription policy circ P var Z applied

to T (P,Z). Hence, Circumscription can be understood as the class of logical

systems (L,`P ;Z
Circ) where L is the language of first-order logic and `P ;Z

Circ is as

defined above.

The second-order sentence

Circ[T (P,Z);P ;Z)] = T (P,Z) ∧ ∀P ′∀Z ′(P ′ ( P → ¬T (P ′, Z ′)) (2.6)

3In the symbol `P ;Z
Circ, we use a semicolon to distinguish from the circumscribed predicate

P and the varied predicates Z. We use comma to separate elements in a tuple.
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in (2.5) means that there is no P ′ strictly included in P which satisfies T , no

matter what is the interpretation given to Z ′.

The consequence relation `P ;Z
Circ has a well known characterization as a preferen-

tial consequence relation. That is, instead of characterizing Circumscription as

the class of logical systems like (L,`P ;Z
Circ), we may characterize Circumscription

as the class of abstract preferential logics like LCirc = (L,MP ;Z , |=,≤P ;Z), where

L is the set of first-order sentences, MP ;Z is the class of relational structures on

the symbol set S∪{P,Z} for each S, and |= is the first-order satisfiability relation

restricted to MP,Z and L. The preference relation ≤P ;Z between S ∪ {P ;Z}-
structures in MP ;Z with the same domain and which agree in S − {P ∪ Z} is

defined as:

A ≤P ;Z B iff PA ⊆ PB. (2.7)

When Z is empty, we write Circ[T ;P ] and ≤P for Circ[T ;P ; ∅] and ≤P ;∅,

respectively.

We get the following well known characterization of Circumscription’s conse-

quence relation (see, for example, [Lif94]):

Lemma 2.1 Γ `P ;Z
Circ φ if and only if each model of Γ which is minimal with

respect to ≤P ;Z is also a model of φ.

The Lemma 2.1 above can be restated in the following equivalent form, according

to Definition 2.6, characterizing Circumscription as a preferential logical system:

Corollary 2.1 (Circumscription as an Abstract Preferential Logic) If

LCirc = (L,MP ;Z , |=,≤
P ;Z),

then

Γ|∼LCirc
φ iff Γ `P ;Z

Circ φ.

Circumscription, as a logical approach to nonmonotonic inference, can be seen

as the class of those abstract preferential logics LCirc of Corollary 2.1.

Now, we will show that ≤P ;Z is an elementary preference relation.

Lemma 2.2 (Circumscription as an Elementary Preferential Logic)

The relation ≤P ;Z defined in (2.7) is an elementary preference relation.
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Proof. It is sufficient to show an S∪S′∪{A,A′}-sentence φ(S, S′) of first-order

logic, with {P,Z} ⊆ S and {P ′, Z ′} ⊆ S′, such that

≤P ;Z=≺φ(S,S′) . (2.8)

For the sake of simplicity, let us restrict ourselves to the case where S is rela-

tional. Consider the following sentence:

φ(S, S′) = A = A′ ∧ (
∧

s∈S−{P,Z}

(s = s′)) ∧ P ⊆ P ′. (2.9)

By s = s′ in (2.9) we mean a first-order sentence which states that s and s′ have

the same extension and by P ⊆ P ′ a first-order sentence which states that the

extension of P is contained in the extension of P ′. It follows that in any model

A of φ(S, S′), AA = A′A, sA = s′A for each s ∈ S, and PA ⊂ P ′A. It is easy to

see that

A|A
A

S ≺φ(S,S′) A|A
′A

S′ iff A |= φ(S, S′) iff A|A
A

S ≤P ;Z A|A
′A

S′ .

It follows that (2.8) holds.

In the next example, we show how Reiter’s closed normal default logic with-

out precondition can be presented as an elementary preferential logic.

Example 2.2(Closed Normal Defaults without Preconditions) In [Rei80], Re-

iter defines the Default Logic. A default rule (default for short) is an expression

like
α : β1, . . . , βm

γ
,

where α, β1, . . . , βm and γ are first-order S-formulas for some symbol set S, α is

the precondition, β1, . . . , βn are the justifications and γ is the conclusion. The

informal meaning of such default is: if we have α and, for each 1 ≤ i ≤ m, βi

is consistent with which we have so far, then we can get γ. A default theory

is a pair 〈W,D〉 where W is a set of sentences and D is a set of default rules.

Associated to a default theory, there is a set of default extensions, which are

theories that correspond to various, incompatible scenarios, see Definition 2.10

below.

The logical consequences of a default theory is the set of sentences which be-
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long to every extension4. We can think that any set D of defaults defines a

consequence relation |=D such that

W |=D φ iff φ is in all extensions of 〈W,D〉.

Hence, Reiter’s default logic can be seen as the class of logical systems (L, |=D)

where D is a set of defaults.

A default is said to be closed if α, β1, . . . , βm, γ are closed formulas, that is,

formulas without free variables. A default theory 〈W,D〉 is said to be closed

if each default in D is closed. We precisely define default extension for closed

default theories below.

Definition 2.10 (Default Extension) Let 〈W,D〉 be a default theory and,

for each set of sentences T , let ThFOS (T ) be the set of first-order S-sentences

which are logical consequences of T . An extension E of 〈W,D〉 is a minimal set

of first-order sentences such that:

1. W ⊆ E,

2. ThFOS (E) = E and

3. if E |= α, ¬βi 6∈ E for 1 ≤ i ≤ m and α:β1,...,βm

γ ∈ D, then γ ∈ E.

A default is normal if m = 1 and β1 = γ. Thus normal defaults have the

following shape:
α : β

β
.

We will restrict ourselves to defaults without precondition, that is, defaults of

the form:
: β

β
.

We will show that for finite sets D of closed normal defaults without precondi-

tion, the relation |=D is a preferential consequence relation defined through an

elementary preference relation.

In [Poo94], Poole give a proof of the following fact about closed normal default

theories without precondition (the version below is slightly different but can be

easily obtained from that in [Poo94]):

4Here, we will follow the so-called skeptical approach to default reasoning, see [Rei80].
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Theorem 2.1 If all defaults in D are closed, normal and without precondition

then the following are equivalent:

• W |= φ.

• φ holds in all models of W which are minimal with respect to the ordering

≤D defined as A ≤D B iff

{ : d

d
∈ D|A |= ¬d} ⊆ { : d

d
∈ D|B |= ¬d}.

We immediately get:

Theorem 2.2 (Default Logic as an Abstract Preferential Logic) If

LD = (L,MS , |=,≤D),

then

W |∼LD
φ iff W |=D φ.

Now we will show that the |=D relation is an elementary preferential consequence

relation. Let H = {β| :ββ ∈ D} be the set of conclusions of defaults in D. For

each set F of formulas, let co-F = {¬α|α ∈ F}.

Lemma 2.3 (Default Logic as an Elementary Preferential Logic) If D

is a finite set of normal closed default rules, then ≤D is an elementary prefer-

ential relation.

Proof. It is sufficient to show an S∪S′∪{A,A′}-sentence φ(S, S′) of first-order

logic such that ≤D=≺φ(S,S′). Again, for the sake of notational simplicity, let

us suppose that the vocabularies are relational. For each Γ ∈ ℘(H), let ΓA be

the set of formulas obtained by the relativization of formulas in Γ to A and

Γ
A

the set of formulas obtained by the relativization of formulas in co-(H − Γ)

to A. Note that ΓA and Γ
A

are sets of S ∪ {A}-sentences. We write ΓA(S)

and Γ
A

(S) to stress this fact. Let
∧

(ΓA(S) ∪ Γ
A

(S)) be the conjunction of the

formulas in ΓA(S) and Γ
A

(S) which, since H is finite, is an FO-formula. Let∧
(ΓA

′
(S′) ∪ Γ

A′

(S′) be obtained by replacing the symbols in S ∪ {A} which

occur in
∧

(ΓA(S) ∪ Γ
A

(S)) with the corresponding in S′ ∪ {A′}. Now consider
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the formula

φ(S, S′) =
∨

Γ,Γ′∈℘(H);Γ⊇Γ′

(∧
(ΓA(S) ∪ Γ

A
(S)) ∧

∧
(Γ′A

′
(S′) ∪ Γ′

A′

(S′)
)
.

(2.10)

Let Se be a symbol set containing S and let B and B′ be Se-structures in M.

If B ≺φ(S,S′) B′, then there is an Se∪S′e∪{A,A′}-structure A′′, with A′′A = B

and A′′A
′

= B′, which is a common expension to B and B′ such that A′′|BS = B

and A′′|B′S′ = B′ and A′′ is a model of φ(S, S′). By definition of φ(S, S′), it

follows that

{d ∈ D|B |= ¬d} ⊆ {d ∈ D|B′ |= ¬d}.

Hence B ≤D B′. Now suppose that B ≤D B′. Then

{d ∈ D|B |= ¬d} ⊆ {d ∈ D|B′ |= ¬d}.

Now, let A′′ be an S ∪ S′ ∪ {A,A′}-structure which is a common expension to

B and B′ such that A′′|BS = B and A′′|B′S′ = B′. It can be easily shown that

A′′ |= φ(S, S′), hence B ≺φ(S,S′) B′. It follows that ≤D=≺φ(S,S′), hence ≤D is

elementary.

In this section, we gave two examples of nonmonotonic logics which can be

seen as elementary preferential logics. In the next section, we will investigate

the expressive power of expressible preferential logics.

2.4 Expressiveness

The expressive power of a logic is its capability to express classes of struc-

tures or to distinguish between classes of structures. Our aim in this section

is to investigate the expressive power of expressible preferential logics with ex-

pressible preference relation with respect to minimal models, that is, given an

abstract preferential logic L = (L,M, |=,≺) where ≺ is L′-expressible for some

L′ = (L′,M′, |=′), we want to investigate which classes of ≺-minimal mod-

els can be expressed by sentences in L. We will investigate the case where

L′ = (L,M, |=). We will see that the definability results of Section 2.5 will

appear as applications of the results obtained in this section.

Our first aim in this section is to point out the fact that there are elementary

preferential logics which lack the Downward Löwenheim-Skolem property with
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respect to minimal models. The Downward Löwenheim-Skolem property for

an abstract logic L which admits structures as interpretations or models for

its sentences states that, whenever a sentence in L has a model, then it has

a countable one (for first-order logic see [CK73]). This shows that there are

expressible preferential logics L = (L,M, |=,≺) with L′-expressible ≺ and L′ =

(L,M, |=), where (L,M, |=) has the Löwenheim-Skolem Property but there are

sentences in L whose class of ≺-minimal models does not contain a countable

model. We will see the case of Predicate Circumscription, which can be seen as

an elementary preferential logic (see Section 2.3).

In [Sch87], Schlipf studied decidability questions regarding Circumscription

such as to decide whether a first-order formula has a countable minimal model

or not. Among other things, Schlipf showed that some formulas which have

minimal models do not have countable ≤P,Z-minimal models [Sch87, Example

2.6]. It means that an analogue to the Downward Löwenheim-Skolem Theorem

does not hold for Predicate Circumscription.

Theorem 2.3 (Schlipf, [Sch87]) There is a first-order formula φ(P ) which

has only uncountable P -minimal models.

Here, P -minimality means minimality with respect to ≤P . Schlipf’s proof

is based on the existence of “ω1-like” models of Peano Arithmetics with order,

that is, models of cardinality ℵ1 but such that every element has only countable

many predecessor with respect to the order relation. In [FM11b], we gave an

alternative proof of this fact based on other set theoretical assumption different

from those in [Sch87]. Our proof is based on the fact that any two countable

dense linear orders without endpoints are isomorphic (see [HJ99]). We then use

Circumscription to express a class of structures which have a complete dense

linear order without endpoints as substructures. Since there are dense linear

orders which are not complete, e.g. the rationals, such substructures cannot be

countable. It follows that the models of such circumscription are uncountable.

The failure of Downward Löwenheim-Skolem for Circumscription is partic-

ularly important in our characterization of the expressive power of expressible

preferential logics since it shows a gap in the expressive power caused by con-

sidering the minimal models as explained below.

The semantical approach to preferential logical systems provides a uniform

way, through the use of preferential semantics, to compare the expressive power

of the deductive and nonmonotonic logical systems by comparing expressible
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classes of models and expressible classes of minimal models. For instance, The-

orem 2.3 says that we can build elementary preferential logics which are more

expressive than first-order logic. In the following, we will investigate the relation

between abstract logics L and expressible preferential logics with L-expressible

preferential relations.

Definition 2.11 (L-Expressibility) Let L = (L,M, |=) be an abstract logic.

We say that a class C of structures is L-expressible iff C is the class of models of

some finite set of sentences in L. We say that C is ∆-L-expressible iff C is the

class of models of some set of sentences in L. If L is first-order logic, we use the

terms elementary and ∆-elementary for FO-expressible and ∆-FO-expressible,

respectively.

As a corollary of Theorem 2.3, we have:

Corollary 2.2 There are elementary preferential logics L and classes of mini-

mal models of finite sets of sentences in L, w.r.t. some L-expressible preference

relation ≺, which are not even ∆-L-expressible.

It is well known that the collection of elementary classes is strictly included

in the collection of ∆-elementary classes. Our next aim is to investigate to

what extent the expressive power of preferential logical systems with respect

to minimal models is strong enough to distinguish between L-expressible and

∆-L-expressible classes in the following subtle way: Is there an abstract logic

(L,M, |=) and an L-expressible preference relation ≺ such that for some finite

theory Γ in L the class of ≺-minimal elements is ∆-L-expressible but not L-

expressible? We address this problem for a class of abstract logics and give a

negative answer to this question with respect to this class in Theorem 2.4. First,

we will need the following definitions.

Definition 2.12 (Defined Relation) Let L = (L,M, |=) be an abstract logic

and let S ∪ {a1, . . . , an} be a symbol set. Let φ ∈ L be an S ∪ {a1, . . . , an}-
sentence of L and A an S-structure. We say that the sentence φ defines an

n-ary relation φa1,...,an,A on A as

φa1,...,an,A = {(a1, . . . ,an) ∈ An|(A,a1, . . . ,an) |= φ}.

We call φ an n-ary relation definiens (only definiens for short). We also use the

term “defined relation” applied to such sentence φ as reference to the relation it

defines on the domain of some structure.
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We will use the following definition to abbreviate some conditions on abstract

logics we will need.

Definition 2.13 (Good Logic) An abstract logic L = (L,M, |=), where M is

a class of structures, which is at least as expressive as first-order logic is good

iff it has the following properties:

• (Compactness) for all set Γ of L-sentences, Γ has a model iff any finite

subset of Γ has a model (we say that L is compact);

• (Partial Relativization) for each LS sentence ψ and each monadic relation

definiens φ in LS∪{a}, there is a sentence ψφ such that, if A|φa,A

is defined,

then

A |= ψφ iff A|φ
a,A

|= ψ.

We call ψφ the relativization of ψ to φ and say that L has partial rela-

tivization;

• (Boolean Negation) for each LS sentence φ there is a sentence ¬φ such

that

A |= ¬φ iff A 6|= φ.

The following is the main theorem of this section.

Theorem 2.4 Let L′ = (L,≺) be an L-expressible preferential logic and the

abstract logic L = (L,M, |=) be a good logic. Let T be a finite set of L-sentences

in the symbol set S and C the class of ≺-minimal models of T . If C is ∆-L-

expressible, then C is L-expressible.

Proof. Let Θ = ThLS(C) be the L-theory of C, that is, the set of L-sentences

which are satisfied by all structures in C. Since C is ∆-L-expressible, we have

ModLS(ThLS(C)) = C.

Consider also T ′ = T [S′\S] for some symbol set S′ similar to S (see the symbol

invariance property at Definition 2.7). Since L is at least as expressible as

first-order logic, it has sentences δ and δ′ equivalent to the first-order atomic

sentences A(c) and A′(c) for some constant symbol c, that is, in a S∪S′∪{A,A′}-
structure B, δc,B = AB and δ′c,B = A′B. Since L is good, it has partial

relativization Θδ for the sentences in Θ to the monadic relation definiens δ, and
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T ′δ
′

for T ′ to δ′. As ≺ is an L-expressible preferential relation, then there is an

S∪S′∪{A,A′}-sentence φ(S, S′) of L such that ≺=≺φ(S,S′). Now, consider the

set

Φ = Θδ ∪ T ′δ
′
∪ {φ(S′, S),¬φ(S, S′), ψAS , ψ

A′

S′ }

of L-sentences where φ(S′, S) is obtained by simultaneously interchanging the

symbols S ∪ {A} and S′ ∪ {A′} in φ(S, S′), and the sentences ψAS and ψA
′

S′ are

such that, if B |= ψAS (respectively ψA
′

S′ ) then B|AB

S (respectively B|A′
B

S′ ) is

defined, that is, B|AB

S is an S-structure (respectively B|A′
B

S′ is an S′-structure).

The sentences ψAS and ψA
′

S′ exist since L is at least as expressible as first-order

logic. Note that these sentences are necessary only if we have function symbols

in S.

Suppose Φ has a model B′′ (remember that Φ is an L-theory). As B′′ |=
{ψAS , ψA

′

S′ }, we have that B′′|AB′′

S and B′′|A′B
′′

S′ are defined. Since B′′ |= Θδ,

it follows that B′′|S∪A |= Θδ. Hence, by the partial relativization property,

B′′|AB′′

S∪A |= Θ. As A does not appear in Θ, then B′′|AB′′

S |= Θ. It follows that

B′′|AB′′

S ∈ C. That is, B′′|AB′′

S is a ≺-minimal model of T . Since B′′ |= φ(S′, S),

by definition of ≺φ(S,S′) we have

B′′|A
′B′′

S′ ≺φ(S,S′) B′′|A
B′′

S .

Similarly, as B′′ |= ¬φ(S, S′), it follows that

B′′|A
B′′

S 6≺φ(S,S′) B′′|A
′B′′

S′ .

But this contradicts the fact that B′′|AB′′

S is a ≺-minimal model of T . Hence,

the set Φ is not satisfiable. Since Φ is an inconsistent set of L formulas and L is

good and, hence, compact, there is a finite subset Φf which is also inconsistent.

Let Θ′f = Φf ∩Θδ and let Θf be the finite subset of Θ whose relativization Θδ
f

to δ is equal to Θ′f , and consider the set Θf ∪ T . Obviously, any model of Θ

is a model of Θf ∪ T . Suppose that Θf ∪ T has a model B not in C. Then B

is not a ≺-minimal model of T which means that, by definition of ≺-minimal

model, there is a model B′ of T such that B′ ≺ B but B 6≺ B′. Let A′′ be an

S ∪S′∪{A,A′}-structure which is a common expension to both B and B′, and

such that

B = B′′|A
B′′

S and B′ = B′′|A
′B′′

S′ .
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It follows that

B′′ |= Θδ
f ∪ T ′δ

′
∪ {φ(S′, S),¬φ(S, S′), ψAS , ψ

A′

S′ } ⊇ Φf

which contradicts the fact that Φf is inconsistent. Hence, any model of Θf ∪ T
is also a model of Θ. Thus, we have that

ModLS(Θf ∪ T ) = C.

It follows that C is L-expressible.

The results in this section show an interesting behaviour in the expressiveness

of expressible preferential logics. Schlipf’s Theorem (Theorem 2.3 above) shows

that there are expressible preferential logics which have the Löwenheim-Skolem

Property with respect to general models, but do not have this properties with

respect to minimal models. Moreover, it shows that there are finite sets of

sentences of some preferential logical systems L whose class of minimal models

is not even ∆-L-expressible (see Corollary 2.2). Theorem 2.4, however, shows

that, whenever the class of minimal models of a finite set of sentences in a good

logic L is ∆-L-expressible, then it is in fact L-expressible. That is, for good

logics, there is no class of minimal models of finite sets of sentences which is

strictly ∆-L-expressible. Figure 2.1 below represents this situation.

L-EXPRESSIBLE

∆-L-EXPRESSIBLE

NOT ∆-L-EXPRESSIBLE

CLASSES OF MINIMAL

MODELS OF FINITE SETS

OF L-SENTENCES

�
�
�
�
�

c
c
c
c
c
c

Figure 2.1: A gap in the expressiveness of (some) L-expressible preferential
logics, for good logics L, with respect to classes of minimal models of finite sets
of sentences.

It is important to note that the requirement of L in Theorem 2.4 above to

be a good logic is too much strong. In fact, we only need that: i) the sen-
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tence φ(S, S′) which define the preference relation ≺ has a Boolean complement

¬φ(S, S′), ii) it can express the sentences ψAS and ψA
′

S′ which guarantee that

the subducts A′′|AA′′

S and A′′|A′
A′′

S′ are well defined, iii) it is capable of making

relativizations for monadic predicate symbols of the language, and iv) it is com-

pact. Hence, the theorem above also applies to abstract logics which are less

expressive than first-order logic.

In the next section, we will show how to use Theorem 2.4 to obtain defin-

ability results about expressible preferential logics.

2.5 Definability

In Section 2.4, we introduced the concepts of defined relation and definiens of

a relation. In this section, we will be concerned with definability properties of

expressible preferential logics. We will need the following concepts of definability

theory in order to prove a theorem about definable relations in classes of minimal

models.

Definition 2.14 (P -defined Class of Structures) Let S ∪ {P} be a symbol

set where P is an n-ary relation symbol and let C be a class of S∪{P}-structures.

We say that C is P -defined iff for each (A,P) and (A,P′) in C, P = P′.

Definition 2.15 (Implicit Definition) Let φ be an S ∪ {P}-sentence of L.

We say that φ implicitly defines P iff the class ModLS∪{P}(φ) is P -defined.

The concept of explicit definition is language-dependent. Intuitively, an

explicit definition is an expression like

Exp1 ≡ Exp2,

where Exp1, called definiendum, is an expression of the language that represents

a symbol of the symbol set, ≡ is an expression of the language which states, in

some sense, the equivalence between the expressions at the left- and right-hand

side, and Exp2, called definiens, is an expression which in some sense defines an

object which can be used to interpret the definiendum and such that neither the

definiendum nor any other expression which involves the symbol that represents

the definiendum occurs in Exp2. For instance, in first-order logic, an expression

like

∀x(P (x)↔ ψ(x))
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is an explicit definition for P , provided that P does not occur in ψ(x). In

Definability Theory, Padoa’s method [Pad00] for first-order logic, consists in

showing that an explicit definition for a symbol, say P, cannot be entailed from

a theory T by exhibiting two models of T which differ on the interpretation

of P but agree on the interpretation of the other symbols. That is the same

of saying that, if a theory logically implies an explicit definition, then such

theory implicitly defines the symbol represented by the definiendum. Beth’s

Definability Theorem for first-order logic [Bet53] is the converse. Beth showed

that if a first-order set of sentences implicitly defines a symbol of the language,

then such set entails some explicit definition for that symbol. As a consequence,

implicitly defined symbols can be eliminated from first-order theories.

As we argued above, the concept of explicit definition is language dependent,

even if we have a general shape for it. We can ask: how can we state Padoa’s

and Beth’s Theorems without determine the syntax of our languages?

Although we cannot define what an explicit definition is for an arbitrary

abstract logic, we can define what a definiens can be. First of all, a definiens

cannot contain the defined symbol. If we restrict ourselves to relation symbols,

we have the following.

Definition 2.16 (Definiens for Relation Symbols) Let P be an n-ary re-

lation symbol and L = (L,M, |=) an abstract logic. A definiens for P in L is a

sentence φc in LS∪{c} for some S and c = {c1, . . . , cn} such that P 6∈ S.

Now, we can state analogues of Padoa’s and Beth’s properties for abstract

logics.

Definition 2.17 (Padoa’s Property) An abstract logic L = (L,M, |=) has

the Padoa’s Property iff, for each symbol set S and each S-theory T , if there

is φc ∈ L(S∪{c})−{P} such that, for each S-structure A which is a model of T ,

φc,A = PA, then ModLS(T ) is P -defined.

Definition 2.18 (Beth’s Property) An abstract logic L = (L,M, |=) has the

Beth’s Property iff, for each symbol set S and each S-theory T , if ModLS(T ) is

P -defined, then there is an explicit definition φc ∈ L(S∪{c})−{P} such that, for

each S-structure A which is a model of T , φc,A = PA.

The following definition makes precise the notion of replacing a predicate

symbol with a defined relation.
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Definition 2.19 (Replacement) Let L be an abstract logic and S ∪ {P, c} a

symbol set. Let φc be a sentence in LS
′∪{c1,...,cn} where S′ ⊆ S ∪ {P}. We

say that L has (relation) replacement iff, for each sentence ψ(P ) ∈ LS′′ where

S′′ ⊆ S ∪ {P}, there is a sentence ψ(φc) ∈ LS′∪S′′ such that, for each S ∪ {P}-
structure (A,P),

(A,P) |= ψ(φc) iff (A, φc,(A,P)) |= ψ(P ),

where φc,(A,P) is the relation defined by φc on (A,P) (see Definition 2.12). We

call ψ(φc) the sentence obtained from ψ(P ) by replacing P with φc.

Note that we can replace a predicate symbol, say P , for a defined relation ψ

where the symbol P may occur.

Now, we deal with the following problem: Let L be a good logic which has

Padoa’s and Beth’s Properties and replacement. Let T be a finite subset of L

such that the class C of ≺-minimal models of T is P -defined for some P ∈ S.

Suppose that C is ∆-L-expressible and that there is a definiens φc1,...,cn for P

in L. When is it the case that

(A,P) |= ThL(C)

iff,

(A,P) |= T and, for all a ∈ An, (a) ∈ P iff (A,P,a) |= φc1,...,cn?

Or, if L has propositional biconditional,

ThL(C) ≡ T ∪ {P (c1, . . . , cn)↔ φc1,...,cn}?

If we obtain the equivalence above, what we have done is to represent a finite

axiomatization of ModLS(C), which is the class of ≺-minimal models of T , in

terms of T and an explicit definition for P .

The following theorem follows as a consequence of Theorem 2.4.

Theorem 2.5 Let L = (L,M, |=) be a good logic which has both Padoa’s and

Beth’s properties, replacement and propositional conjunction5. Let ≺ be an L-

expressible preference relation. Let T be a finite L-theory whose class C of ≺
minimal models is ∆-L-expressible. If C is P -defined and the models A of T

5It means that for each two sentences φ and ψ in L, there is a third sentence, which we
denote by φ ∧ ψ, whose class of models is the intersection of the models of φ and ψ.
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for which PA = ∅, if any, are ≺-minimal, then there is an explicit definition

φ′c1,...,cn such that

(A,P) |= ThL(C)

iff,

(A,P) |= T and, for all a ∈ An, (a) ∈ P iff (A,P,a) |= φc1,...,cn .

Proof. Let P be an n-ary predicate symbol. By Theorem 2.4 and the fact that

L has propositional conjunction, there exists an L-sentence γ(P ) = Θf ∧
∧
T

such that

C = ModLS∪{P}(γ(P )).

As C is P -defined, by Beth’s Property for L, there is an explicit definition φc

such that, for each model (A,P) of γ(P ),

φc,(A,P) = φc,A = P. (2.11)

Let γ′ = γ(φc) be the S-sentence obtained from γ(P ) by replacing P with φc

in γ(P ). Let A be a model of γ′ and P = φc,A. Then, since L has replacement,

(A,P) |= γ(P ). On the other hand, if (A,P) |= γ(P ), then, by (2.11), we get

P = φc,A and, by replacement, we get A |= γ′. It follows that

(A,P) |= γ(P ) iff A |= γ′ and P = φc,A. (2.12)

Let φ′c = γ′ ∧ φc. Let (A,P) be a model of γ(P ). Since γ(P ) = Θf ∧
∧
T , we

have that

(A,P) |=
∧
T. (2.13)

By (2.11), we have that φc,(A,P) = P. Let a ∈ An a tuple of elements in A. We

have that

a ∈ P iff (A,a) |= φc, (2.14)

and, by (2.12),

(A,a) |= φc iff (A,a) |= γ′ ∧ φc. (2.15)

From (2.14) and (2.15), we get

a ∈ P iff (A,a) |= φ′c. (2.16)
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By (2.13) and (2.16), we have, for each a,

a ∈ P iff (A,P,a) |=
∧
T ∧ φ′c. (2.17)

As (2.17) holds for any model (A,P) of γ(P ), it follows that

if (A,P) |= ThL(C),

then, (2.18)

(A,P) |= T and, for all a ∈ An,a ∈ PA iff (A,P,a) |= φ′c.

Now, suppose that

(A,P) |= T and, for all a ∈ An,a ∈ PA iff (A,P,a) |= φ′c. (2.19)

If P = ∅, then (A,P) is a ≺-minimal model of T by hypothesis. If P 6= ∅, then

there is a in An such that a ∈ P. But then (A,P) |= T , (A,P, a) |= φ′c and

hence (A,P, a) |= γ′∧φc. Therefore (A,P) |= γ′ and, as P does not occur in γ′,

A |= γ′. (2.20)

By (2.19), we have that P = φ′c,A. But as A |= γ′, it follows that

P = φc,A. (2.21)

From (2.20), (2.21) and (2.12), we have

(A,P) |= γ(P ),

and, hence, we have established that if

(A,P) |= T and, for all a ∈ An,a ∈ PA iff (A,P,a) |= φ′c.

then, (2.22)

(A,P) |= ThL(C).

By (2.18) and (2.22) we have proved the theorem.

Corollary 2.3 Let L = (L,M, |=), ≺, T and C be as in Theorem 2.5 above.
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Moreover, suppose L has propositional biconditional6. Let L′ = (L,M, |=,≺) be

an abstract preferential logic. Then, for each α ∈ LS−{P,c1,...,cn},

Γ |∼L′ α iff T ∪ {P (c1, . . . , cn)↔ φc1,...,cn} `L α,

where φc1,...,cn ∈ L(S∪{c1,...,cn})−P for some symbol set S.

2.6 Conclusions

In this chapter, we introduced abstract preferential logics, an extension of the

concept of abstract logic to deal with nonmonotonic logic based on preference

relations. We presented some expressiveness results about a class of abstract

preferential logics, namely the elementary preferential logics. These logics are

characterized by having a preference relation between interpretations which can

be specified by a first-order formula. In particular, we showed that, whenever

the class of minimal models of a finite theory from an elementary preferential

logic based on a good logic is the class of models (minimal or not) of a theory

in this logic, then it is the class of models (minimal or not) of a finite one.

We also presented a definability results for elementary preferential logics. For

instance, we showed the existence of an explicit definition when some theory

of an elementary preferential logic implicitly defines a symbol in its class of

minimal models.

The next two chapters are dedicated to the study of Finite Model Theory.

In the next chapter, we will investigate the expressibility of problems in the

polynomial hierarchy by sequences of formulas of hybrid logic.

6It means that for each two sentences φ and ψ in L there is a third sentence, which we
denote by φ ↔ ψ, whose models are the elements in M which satisfy both φ and ψ or do not
satisfy φ nor ψ.



Chapter 3

PH Graph Properties in

Hybrid Logic

In this chapter, we show that for each property of graphs G in NP there is a

sequence φ1, φ2, . . . of formulas of the full hybrid logic which are satisfied exactly

by the frames in G. Moreover, the size of φn is bounded by a polynomial.

We also show that the same holds for each graph property in the polynomial

hierarchy. These results lead to the definition of syntactically defined fragments

of hybrid logic whose model checking problem is complete for each degree in the

polynomial hierarchy. The results presented here were published in [FFB+11].

3.1 Introduction

The use of graphs as a mathematical abstraction of objects and structures makes

it one of the most used concepts in computer science. Plenty of problems people

want to solve using computers have their inputs modelled by graphs, and such

problems commonly involve evaluating some graph property. To mention a well-

known example, deciding whether a map can be coloured with a certain number

of colors equals to a similar problem on planar graphs [HAK89, RSST97]. The

applications of graphs in computer science do not restrict to model the input

of problems. Graphs can be used in the theoretical framework in which some

branches of computer science are formalized. This is the case, for example, in

distributed systems, in which the model of computation is built up on a graph

[Bar96, Lyn96]. Again, properties of graphs can be exploited in order to obtain

61
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results about such models of computation.

In the last few decades, modal logics have attracted the attention of computer

scientists working with logic and computation [BDRV02]. Among the reasons is

the fact that modal logics often have interesting computer theoretical properties,

like decidability [Var96, Grä01]. This is due to a lack of expressive power in

comparison with other logics such as first-order logics and its extensions. Many

modal logics present also good logical properties, like interpolation, definability,

etc. Research in modal logic include augmenting the expressive power of the

logic using resources as fixed-point operators [BS07] or hybrid languages [AtC07,

ABM01]. Modal logics are particularly suitable to deal with graphs because

standard semantics of most modal logics are built up from structures called

frames, which are essentially graphs.

In [BS09], hybrid logics are used to express graph properties, like being

connected, hamiltonian or eulerian. Several hybrid logics and fragments were

studied to define graph properties through the concept of validity in a frame

(see Definition 3.5 below). Some graph properties, like being hamiltonian, re-

quire a high expressive power and cannot be expressed by a single sentence in

traditional hybrid logics. There are, however, sentences φn which can express

such properties for frames of size n.

We are interested in expressing graph properties in NP, and more generally

in PH, using hybrid logics (HL). The hybrid modal logics that we studied have

low expressive power in comparison, for example, to second-order logic, hence

we do not aim to associate to each graph property a single formula. Instead,

we present, to each graph property a sequence of hybrid sentences φ1, φ2, . . . ,

such that a graph of size n has the desired property iff φn is valid in the graph,

regarded as a frame. In Section 3.2, we define the hybrid logic which we will

study and define a prenex form for such logic. In Section 3.3, we show that, for

any graph property, there is a sequence of sentences φ1, φ2, . . . of the fragment

of hybrid logic with nominals and the @ operator such that a graph of size n

has the property iff φn is valid in the corresponding frame. However, the size

of φn obtained is exponential on n. In Section 3.4, we show that, for graph

properties in NP, and more generally in the polynomial hierarchy PH, there

is such a sequence, but the size of the sentences is bounded by a polynomial

on n. In Section 3.5, we show that, in general, the global modality cannot be

disregarded. We also show how to obtain the results of the previous section

for the fragment of HL without the global modality E and without nominals,

provided that graphs are connected and with loops. In Section 3.6, we show



CHAPTER 3. PH GRAPH PROPERTIES IN HYBRID LOGIC 63

fragments of HL whose model-checking problem is complete for each degree of

the polynomial hierarchy based on the results of the other sections. This gives

an alternative proof for the NP-hardness of the model-checking problem for the

fragment FHL\ ↓ � ↓ of full hybrid logic given in [tCF05].

3.2 Hybrid Logic

In this section, we present the hybrid logic and the fragments which we will

use. Hybrid modal logics extends classic modal logics by adding nominals and

state variables to the language. Nominals and state variables behave like propo-

sitional atoms which are true in exactly one world. Other extensions include

the operators ↓ (binder) and @. The ↓ allows one to assign the current state to

a variable state. This can be used to keep a record of the visited states. The

@ operator allows one to evaluate a formula in the state assigned to a certain

nominal or state variable.

Definition 3.1 The alphabet of the hybrid logic (HL) with the ↓ binder is a

hybrid language consisting of a set Φ of countably many proposition symbols

p1, p2, . . ., a set L of countably many nominals i1, i2, . . ., a set S of countably

many state-variables x1, x2, . . ., such that Φ, L and S are disjoint, the boolean

connectives ¬ and ∧ and the modal operators @i, for each nominal i, @x, for

each state-variable x, ♦, ♦−1, E and ↓. The language LFHL of the (Full) Hybrid

Logic can be defined by the following BNF rule:

α := > | p | t | ¬α | α ∧ α | ♦α | ♦−1α | Eα | @tα | ↓ x.α.

For each C ⊆ {@, ↓,♦−1, E}, we define HL(C) to be the corresponding fragment.

In particular, we define FHL = HL(@, ↓,♦−1, E). We also use HL(C)\NOM

and HL(C)\PROP to refer to the fragments of HL(C) without nominals and

propositional symbols respectively.

The standard boolean abbreviations →, ↔, ∨ and ⊥ can be used with the

standard meaning as well as the abbreviations of the dual modal operators:

Aφ = ¬E¬φ, �φ = ¬♦¬φ and �−1φ = ¬♦−1¬φ.

Formulas of hybrid modal logics are evaluated in hybrid Kripke structures

(or hybrid models). These structures are built using frames.

Definition 3.2 A frame is a graph F = (W,R), where W is a non-empty set

(finite or not) of vertices and R is a binary relation over W , i.e., R ⊆W ×W .
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Definition 3.3 A (hybrid) model for the hybrid logic is a pair M = (F ,V),

where F is a frame and V : Φ ∪ L 7→ P(W ) is a valuation function mapping

proposition symbols into subsets of W and nominals into singleton subsets of

W , i.e, if i is a nominal then V(i) = {v} for some v ∈W .

In order to deal with the state-variables, we need to introduce the notion of

assignments.

Definition 3.4 An assignment is a function g that maps state-variables to ver-

tices of the model, i.e., g : S 7→W . We use the notation

g′ = g
x1 . . . xn
v1 . . . vn

to denote an assignment g′ such that g′(x) = g(x) if x /∈ {x1, . . . , xn} and

g′(xi) = vi, otherwise.

The semantical notion of satisfaction is defined as follows:

Definition 3.5 Let M = (F ,V) be a model. The notion of satisfaction of

a formula ϕ in a model M at a vertex v under an assignment g, notation

M, g, v  ϕ, can be inductively defined as follows:

M, g, v  p iff v ∈ V(p);

M, g, v  > always;

M, g, v  ¬ϕ iff M, g, v 6 ϕ;

M, g, v  ϕ1 ∧ ϕ2 iff M, g, v  ϕ1 and M, g, v  ϕ2;

M, g, v  ♦ϕ iff there is a w ∈W such that vRw and M, g, w  ϕ;

M, g, v  ♦−1ϕ iff there is a w ∈W such that wRv and M, g, w  ϕ;

M, g, v  Eϕ iff there is a w ∈W such that M, g, w  ϕ;

M, g, v  i iff v ∈ V(i);

M, g, v  @iϕ iff M, g, di  ϕ, where {di} = V(i);

M, g, v  x iff g(x) = v;

M, g, v  @xϕ iff M, g, d  ϕ, where d = g(x);

M, g, v ↓ x.ϕ iff M, g xv , v  ϕ.

For each nominal i, the formula @iϕ means that if V(i) = {v} then ϕ is

satisfied at v. If M, g, v  ϕ for every vertex v, we say that ϕ is globally true

in the model M under the assignment g (M, g  ϕ) and if ϕ is globally true in

all models M of a frame F for all possible assignments, we say that ϕ is valid

in F (F  ϕ).
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In the following, we define a prenex form for formulas in FHL and show

that any formula in FHL has an equivalent in prenex form. We use this form

to define classes of formulas whose model-checking problem is complete for the

degrees of the polynomial hierarchy (see Section 3.6).

Definition 3.6 (Prenex Form) A formula φ in FHL is in prenex form iff

φ = q1 . . . qnψ where each qi is A, E, �, ♦, �−1, ♦−1 or ↓ x. for some x and ψ

has no occurrence of ↓ and modalities in ψ occur only in front of atoms.

First-order logic language of graphs (first-order language on the symbol set

{E}, E a binary relation1) can be translated into the full hybrid logic and the

full hybrid logic can be translated into the first-order logic language of graphs as

well, and both translations preserve truth [AtC07]. That is, full hybrid logic has

the same expressive power as first-order logic. Using the hybrid translation from

first-order logic to full hybrid logic and the standard translation from full hybrid

logic back to first-order logic, we can prove a prenex normal form theorem for

hybrid logic. We present below the hybrid translation HT and the standard

translation ST . Let E be a binary relation symbol and for each propositional

symbol p in the modal hybrid language let P be a monadic relation symbol. Let

Ψ = {P |p ∈ Φ}∪{ci|i ∈ L}. Let L{E}∪Ψ the first-order language on the symbol

set {E} ∪Ψ and x a first-order variable. The functions STx : FHL→ L{E}∪Ψ

and HT : L{E}∪Ψ → FHL are defined as follows (see [AtC07]):

HT (E(x, y)) = @x♦y

HT (P (x)) = @xp

HT (x = y) = @xy

HT (¬φ) = ¬HT (φ)

HT (φ ∧ ψ) = HT (φ) ∧HT (ψ)

HT (∃xφ) = E ↓ x.HT (φ)

1We use the symbol E to represent both the global existential modality and the binary
relation symbol of the graph language. It is clear from the context which one is the case.
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STx(s) = x = s

STx(p) = P (x)

STx(¬φ) = ¬STx(φ)

STx(φ ∧ ψ) = STx(φ) ∧ STx(ψ)

STx(♦φ) = ∃y(R(x, y) ∧ STy(φ))

STx(♦−1φ) = ∃y(R(y, x) ∧ STy(φ))

STx(Eφ) = ∃y(STy(φ))

STx(@sφ) = STs(φ)

STx(↓ z.φ) = ∃z(z = x ∧ STx(φ))

Given a hybrid model M = (F ,V) we can associate a first-order structure

M′ = (F , {P|p ∈ Φ}, {i|i ∈ L}) where P = V(p) and i = g(i). In the follow-

ing, we will use the same symbol to refer both to the hybrid model and the

corresponding first-order structure.

Lemma 3.1 ([tCF05, ABM01]) Let α be a formula in FHL where the vari-

able x does not occur and φ a formula of first-order logic. Let M be a model, g

an assignment of variables and w a state in M.

• M, g, w  α iff (M, g xw ) |= STx(α).

• (M, g) |= φ iff M, g  HT (φ).

It follows from Lemma 3.1 that the modality ♦−1 can be eliminated by

translating a hybrid formula into FO using the standard translation and back

to FHL using the hybrid translation. Hence, we do not need to consider it in

the proofs below.

In the following, we will show a series of lemmas about hybrid logic that will

be used in the following sections.

Using the standard and hybrid translation, the definition of the satisfaction

relation and Lemma 3.1, we have the following equivalence in hybrid modal

logic.

Lemma 3.2 The following equivalences hold in FHL:

1. (Aα ∧ β) ≡ ↓ x.A(α ∧@xβ);
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2. (Eα ∧ β) ≡ ↓ x.E(α ∧@xβ);

3. (Aα ∨ β) ≡ ↓ x.A(α ∨@xβ);

4. (Eα ∨ β) ≡ ↓ x.E(α ∨@xβ);

5. ¬ ↓ x.φ ≡↓ x.¬φ;

6. @xEφ ≡ Eφ;

7. @xAφ ≡ Aφ;

8. ((↓ x.α) ∧ β) ≡ ↓ x.(α ∧ β), x not occurring in β;

9. ((↓ x.α) ∨ β) ≡ ↓ x.(α ∨ β), x not occurring in β;

10. (♦α ∧ β) ≡↓ x.E ↓ y.[(@x♦y ∧HT (STy(α))) ∧HT (STx(β))], x and y not

occurring in α or β;

11. (�α ∧ β) ≡↓ x.A ↓ y.[(@x♦y → HT (STy(α))) ∧ HT (STx(β))], x and y

not occurring in α or β;

12. (♦α ∨ β) ≡↓ x.E ↓ y.[(@x♦y ∧HT (STy(α))) ∨HT (STx(β))], x and y not

occurring in α or β;

13. (�α ∨ β) ≡↓ x.A ↓ y.[(@x♦y → HT (STy(α))) ∨ HT (STx(β))], x and y

not occurring in α or β.

Proof. The first nine equivalences can be easily proved by directly applying

the definition of the satisfiability relation. Let M be a model, g an assignment

and v a vertex in M. We have:

1. M, g, v  (Aα ∧ β) iff M, g, v  Aα and M, g, v  β iff, for all v′ ∈ V ,

M, g, v′  α and M, g vx , v
′  @xβ iff, for all v′ ∈ V , M, g vx , v

′  α and

M, g vx , v
′  @xβ iff, for all v′ ∈ V , M, g vx , v

′  α ∧ @xβ iff M, g vx , v  A(α ∧
@xβ) iff M, g, v ↓ x.A(α ∧@xβ).

2. M, g, v  (Eα ∧ β) iff M, g, v  Eα and M, g, v  β iff exists v′ ∈ V such

thatM, g, v′  α andM, g vx , v
′  @xβ iff exists v′ ∈ V such thatM, g vx , v

′  α

and M, g vx , v
′  @xβ iff exists v′ ∈ V such that M, g vx , v

′  α ∧ @xβ iff

M, g vx , v  E(α ∧@xβ) iff M, g, v ↓ x.E(α ∧@xβ).

3. M, g, v  (Aα ∨ β) iff M, g, v  Aα or M, g, v  β iff, for all v′ ∈ V ,

M, g, v′  α orM, g vx , v
′  @xβ iff, for all v′ ∈ V ,M, g vx , v

′  α orM, g vx , v
′ 
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@xβ iff, for all v′ ∈ V , M, g vx , v
′  α ∨ @xβ iff M, g vx , v  A(α ∨ @xβ) iff

M, g, v ↓ x.A(α ∨@xβ).

4. M, g, v  (Eα∨β) iffM, g, v  Eα orM, g, v  β iff exists v′ ∈ V such that

M, g, v′  α or M, g vx , v
′  @xβ iff exists v′ ∈ V such that M, g vx , v

′  α or

M, g vx , v
′  @xβ iff exists v′ ∈ V such that M, g vx , v

′  α ∨@xβ iff M, g vx , v 

E(α ∨@xβ) iff M, g, v ↓ x.E(α ∨@xβ).

5. M, g, v  ¬ ↓ x.φ iff notM, g, v ↓ x.φ iff notM, g vx , v  φ iffM, g vx , v  ¬φ
iff M, g, v ↓ x.¬φ.

6. M, g, v  @xEφ iff M, g, g(x)  Eφ iff exists v′ ∈ V such that M, g, v′  φ

iff M, g, v  Eφ.

7. M, g, v  @xAφ iff M, g, g(x)  Aφ iff, for all v′ ∈ V , M, g, v′  φ iff

M, g, v  Aφ.

8. M, g, v  ((↓ x.α)∧ β) iffM, g, v  (↓ x.α) andM, g, v  β iffM, g vx , v  α

and M, g vx , v  β, as x does not occur in β, iff M, g, v ↓ x.(α ∧ β).

9. M, g, v  ((↓ x.α) ∨ β) iff M, g, v  (↓ x.α) or M, g, v  β iff M, g vx , v  α

or M, g vx , v  β, as x does not occur in β, iff M, g, v ↓ x.(α ∨ β).

For the next four equivalences, we need Lemma 3.2.

10. M, g, v  (♦α ∧ β) iff M, g, v  ♦α and M, g, v  β iff exists v′ ∈ V

with vRv′ such that M, g vx , v
′  α and M, g, v  β, iff, by Lemma 3.2, ex-

ists v′ ∈ V with vRv′ such that M, g v
′

y , v
′  HT (STy(α)) and M, g vx , v 

HT (STx(β)), iff exists v′ ∈ V such that M, g vv
′

xy , v
′  @x♦y ∧ HT (STy(α))

and M, g vv
′

xy , v
′  @xHT (STx(β)), since y does not occur in α or β, iff ex-

ists v′ ∈ V such that M, g vv
′

xy , v
′  (@x♦y ∧ HT (STy(α))) ∧ HT (STx(β)), iff

M, g vx , v  E ↓ y.(@x♦y ∧ HT (STy(α))) ∧ HT (STx(β)), iff M, g, v ↓ x.E ↓
y.(@x♦y ∧HT (STy(α))) ∧HT (STx(β)).

11. M, g, v  (�α ∧ β) iff M, g, v  ♦α and M, g, v  β iff, for all v′ ∈ V

with vRv′, M, g vx , v
′  α and M, g, v  β, iff, by Lemma 3.2, for all v′ ∈ V

with vRv′, M, g v
′

y , v
′  HT (STy(α)) and M, g vx , v  HT (STx(β)), iff, for all

v′ ∈ V , M, g vv
′

xy , v
′  @x♦y → HT (STy(α)) and M, g vv

′

xy , v
′  @xHT (STx(β)),

since y does not occur in α or β, iff, for all v′ ∈ V , M, g vv
′

xy , v
′  (@x♦y →

HT (STy(α)))∧@xHT (STx(β)), iffM, g vx , v  E ↓ y.(@x♦y → HT (STy(α)))∧
@xHT (STx(β)), iffM, g, v ↓ x.E ↓ y.(@x♦y → HT (STy(α)))∧@xHT (STx(β)).

12. M, g, v  (♦α ∨ β) iff M, g, v  ♦α or M, g, v  β iff exists v′ ∈ V with

vRv′ such that M, g vx , v
′  α or M, g, v  β, iff, by Lemma 3.2, exists v′ ∈ V
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with vRv′ such that M, g v
′

y , v
′  HT (STy(α)) or M, g vx , v  HT (STx(β)), iff

exists v′ ∈ V such that M, g vv
′

xy , v
′  @x♦y ∧ HT (STy(α)) or M, g vv

′

xy , v
′ 

@xHT (STx(β)), since y does not occur in α or β, iff exists v′ ∈ V such that

M, g vv
′

xy , v
′  (@x♦y ∧ HT (STy(α))) ∨ @xHT (STx(β)), iff M, g vx , v  E ↓

y.(@x♦y ∧ HT (STy(α))) ∨ @xHT (STx(β)), iff M, g, v ↓ x.E ↓ y.(@x♦y →
HT (STy(α))) ∨HT (STx(β)).

13. M, g, v  (�α ∨ β) iff M, g, v  ♦α or M, g, v  β iff, for all v′ ∈ V

with vRv′, M, g vx , v
′  α or M, g, v  β, iff, by Lemma 3.2, for all v′ ∈ V

with vRv′, M, g v
′

y , v
′  HT (STy(α)) or M, g vx , v  HT (STx(β)), iff, for all

v′ ∈ V , M, g vv
′

xy , v
′  @x♦y → HT (STy(α)) or M, g vv

′

xy , v
′  @xHT (STx(β)),

since y does not occur in α or β, iff, for all v′ ∈ V , M, g vv
′

xy , v
′  (@x♦y →

HT (STy(α)))∨@xHT (STx(β)), iffM, g vx , v  E ↓ y.(@x♦y → HT (STy(α)))∨
@xHT (STx(β)), iffM, g, v ↓ x.E ↓ y.(@x♦y → HT (STy(α)))∨@xHT (STx(β)).

By performing iterated applications of these equivalences, we can see that

each formula in FHL can be put in the prenex form.

Lemma 3.3 If φ ∈ FHL, then there is ψ ∈ FHL in prenex form which is

equivalent to φ.

Proof. By induction on the number of modality occurrences in φ and applying

the equivalences in Lemma 3.2.

This prenex form can be strengthened with the following lemma:

Lemma 3.4 ↓ x. ↓ y.φ(x, y) ≡↓ x.φ(x, x), if x does not occur bound in φ, where

φ(x, x) is obtained from φ(x, y) by substituting free occurrences of y with x.

Proof. It follows straightforward by induction on φ.

Lemma 3.5 If φ ∈ FHL, then φ is equivalent to a formula in FHL in prenex

form whose prefix has no consecutive applications of binders.

We end this section with the definition of the hierarchies of hybrid formulas

induced by the prefix in the prenex form. Based on Lemma 3.5, we define the

following classes of formulas:

Definition 3.7 We recursively define the classes of formulas σi and πi in

prenex form as:
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• σ0 = π0 = {φ ∈ HL|modalities occur in φ only in front of atoms};
• σi+1 = {φ ∈ HL|φ = q1 . . . qnψ,ψ ∈ πi, qj = ♦, E or ↓ x., for some x};
• πi+1 = {φ ∈ HL|φ = q1 . . . qnψ,ψ ∈ σi, qj = �, A or ↓ x., for some x}.
We say that a formula is σi (resp. πi) if it is equivalent to a formula in σi

(resp. πi).

From Lemma 3.3 it follows that each formula in HL is πi or σi for some i.

In the following section, we talk about the expressibility of graph properties

in hybrid logic with respect to frame definability.

3.3 Properties of Graphs in HL

In [BS09], it was shown that there is a formula φn of FHL such that a graph G of

size n is Hamiltonian iff φn is valid in G. The main question which underlies this

investigation is whether there is a sequence of formulas (φn)n∈N for each graph

property G in NP such that a graph G of size n is in G iff φn is globally true

in G, regarded as a frame. Actually, we can show that such sequence exists for

each graph property. This follows directly from the equivalence between FHL

ans FO. W.r.t. frame definability, we can show the existence of such formulas

in a very restrict fragment of FHL. Recall that a graph property is any set of

graphs closed under isomorphisms.

Let G = (V,E) be a graph of cardinality n. Let us consider that the set V

of vertices coincides with the set {1, . . . , n} of nominals. Consider the formula:

ψG =
∧

(i,j)∈E

@i♦j ∧
∧

(i,j)6∈E

@i¬♦j.

Let G be any property of graphs. We define the formulas

ψnG =
∨

G∈G,|G|=n

ψG , θn =
∧

i,j∈{1,...,n},i6=j

@i¬j and φnG = θn → ψnG .

Lemma 3.6 Let G be a graph of cardinality n and G a property of graphs. Then

G ∈ G iff G  φnG.

Proof. Let G = (V,E) be a graph. Then G  φnG iff, for each valuation function

V of the nominals we have, (G,V)  φnG . Let V be a valuation function.

Suppose (G,V)  φnG . If (G,V)  θn, then V assigns to each nominal a

different element (that is, the restriction of V to the set {1, . . . , n} of nominals
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is injective). In this case, (G,V)  ψG′ for some G′ ∈ G. It follows that

(G,V)  @i♦j iff (V(i),V(j)) ∈ E iff (i, j) ∈ E′. Hence, the restriction of V

to {1, . . . , n} is an isomorphism between G and G′. Then G ∈ G.

Now, suppose G ∈ G. Let V be a valuation function which is injective in the

set {1, . . . , n} of nominals. It follows that (G,V)  θn and (G,V)  @i♦j

iff (V−1(i),V−1(j)) ∈ E. V induces a graph G′ = (V ′, E′) isomorphic to G

where V ′ = V and (i, j) ∈ E′ iff (V−1(i),V−1(j)) ∈ E′. Hence, (i, j) ∈ E′

iff (G,V)  @i♦j. It follows that (G,V)  ψG′ . Then (G,V)  φnG , for each

valuation function V. It follows that G  φnG .

Since there are 2n
2

graphs with vertices in {1, . . . , n}, we have that the size

of φnG is O(2n
2

) for any graph property G. Obviously, there is no hope that such

sequence of formulas will always be recursive. We can show, however, that for

problems in the polynomial hierarchy such sequence is recursive and, moreover,

there is a polynomial bound in the size of formulas.

3.4 Translation

In this section, we show that for each graph property G in the polynomial

hierarchy there is a sequence (φn)n∈N of formulas such that a graph G is in G
iff G  φ|G| and such that φn is bounded from above by a polynomial on n.

We will use the well-known characterization of problems in PH and classes of

finite models definable in second-order logic (SO) from descriptive complexity

theory. To this end, we define a translation from formulas in SO to formulas

in FHL which are equivalent with respect to frames of size n, for some n ∈ N .

Such translation will give us formulas whose size is bounded by a polynomial

on n. Moreover, the formulas obtained by the translation have no occurrence of

propositional symbols, nominals or free state variables, which means that, for

these formulas, the complexity of model-checking and frame-checking coincides.

We use the well known definitions and concepts related to first- and second-order

logic which can be found in most textbooks (see, for instance, [EFT94b]).

Definition 3.8 (Translation from FO to FHL) Let φ be a first-order for-

mula in the symbol set S = {E,R1, . . . , Rm}, E binary, n a natural number and

f a function from the set of first-order variables into {1, . . . , n}. Let t, z1, . . . , zn

be state variables and for each R ∈ {R1, . . . , Rm} of arity h, let yRj1,...,jh be

a state variable, with ji ∈ {1, . . . , n}, 1 ≤ i ≤ h. We define the function

trfn : LSFO → LFHL as:
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• trfn(x1 ≡ x2) = @zf(x1)
zf(x2);

• trfn(E(x1, x2)) = @zf(x1)
♦zf(x2);

• trfn(R(x1, . . . , xk)) = @ty
R
f(x1),...,f(xk), for each R ∈ {R1, . . . , Rm};

• trfn(γ ∧ θ) = trfn(γ) ∧ trfn(θ);

• trfn(¬γ) = ¬trfn(γ);

• trfn(∃xγ) =
∨n
i=1 tr

f x
i

n (γ);

• trfn(∀xγ) =
∧n
i=1 tr

f x
i

n (γ).

In the translation above, t is intended to represent a state v such that,

if zRj1,...,jh is assigned to t and zj1 , . . . , zjh are assigned to v1, . . . , vh, then

(v1, . . . , vh) belongs to the interpretation of R. The function f xi maps x to

i and y to f(y) for y 6= x. The translation above only works for frames with

more than one state but, since there are only two frames of size 1, we can state

for each graph property which frames of size 1 belong to the property.

Note that if φ is a sentence, then trfn(φ) = trf
′

n (φ). Hence we write trn(φ)

instead of trfn(φ) for a sentence φ.

Example 3.1 We give an example of application of the translation above. Let

⊕(φ, ψ, θ) be the ternary exclusive “or”. Consider the following first-order sen-

tence:

φ = ∀x
(
⊕ (R(x), G(x), B(x))

)
∧ ∀x∀y

(
(E(x, y) ∧ x 6= y)→

¬((R(x) ∧R(y)) ∨ (G(x) ∧G(y)) ∨ (B(x) ∧B(y)))
)
.

The sentence above says that each element belongs to one of the sets R, G

and B, each adjacent pair does not belong to the same set, and no element

belongs to more than one set. This sentence is true iff the sets R, G and B

forms a 3-colouring of a graph with edges in E. Below we translate φ into a

formula of hybrid logic using the translation given above and setting n = 3:

trn(φ) =

3∧
i=1

⊕
(
@ty

R
i ,@ty

G
i ,@ty

B
i

)
∧

3∧
i=1

[
3∧
j=1

(
(@zi♦zj ∧ ¬@zizj)→

¬((@ty
R
i ∧@ty

R
j ) ∨ (@ty

G
i ∧@ty

G
j ) ∨ (@ty

B
i ∧@ty

B
j ))
)]
.

Lemma 3.7 trn(φ) has polynomial size in n for each fixed formula φ, that is,

trn(φ) ∈ O(nk) for some 0 ≤ k.
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Proof. By induction on φ one can see that trn(φ) is O(nk), where k is the

quantifier rank of φ.

Lemma 3.8 Let G = (V,EG) be a graph of cardinality n, R1, . . . ,Rm relations

on V with arities r1, . . . , rm, g an assignment of state variables, β an assignment

of first-order variables and f a function from the set of first-order variables to

{1, . . . , n} such that:

(i) g assigns to each variable zi, 1 ≤ i ≤ n, a different element in V ;

(ii) g(yRi1,...,ik) = g(t) iff (g(zi1), . . . , g(zik)) ∈ R for each R ∈ {R1, . . . , Rm};

(iii) β(x) = g(zf(x)) for each first-order variable x.

If φ is a first-order formula in the symbol set {E,R1, . . . , Rm}, then

(G,R1, . . . ,Rm, β) |= φ iff for all w ∈ V , (G, g, w)  trfn(φ).

Proof. We proceed by induction on φ.

— φ is atomic: In this case φ = x ≡ y, φ = E(x, y) or φ = Ri(x1, . . . , xn).

If φ = x ≡ y, then (G,R1, . . . ,Rm, β) |= φ iff β(x) = β(y) iff, by

(iii), g(zf(x)) = g(zf(y)) iff (G, g, w)  @zf(x)
zf(y) = trfn(φ). If φ =

E(x, y), then (G,R1, . . . ,Rm, β) |= φ iff (β(x), β(y)) ∈ EG iff, by (iii),

(g(zf(x)), g(zf(y)) ∈ EG iff (G, g, w)  @zf(x1)
♦zf(x2) = trfn(φ). If φ =

Ri(x1, . . . , xh), then (G,R1, . . . ,Rm, β) |= φ iff (β(x1), . . . , β(xn)) ∈ Ri iff,

by (iii), (g(zf(x1)), . . . , g(zf(xn))) ∈ Ri iff, by (ii), g(yRf(x1),...,f(xk)) = g(t)

iff (G, g, w)  @ty
R
f(x1),...,f(xk) = trfn(φ).

— φ = γ ∧ θ or φ = ¬γ: These cases follow directly from the definition of trfn

and the inductive hypothesis.

— φ = ∃xγ: In this case, (G,R1, . . . ,Rm, β) |= φ iff there is a v ∈ V such that

(G,R1, . . . ,Rm, β
x
v ) |= γ. By (i), there is a j be such that v = zj . Hence

we have β xv (y) = g(zf x
j (y)) for each first-order variable y. By inductive

hypothesis we have, (G,R1, . . . ,Rm, β
x
v ) |= γ iff (G, g, w)  tr

f x
j

n (γ) iff

(G, g, w) 
∨n
i=1 tr

f x
i

n (γ) = trfn(φ).

— φ = ∀xγ: In this case, (G,R1, . . . ,Rm, β) |= φ iff, for each v ∈ V ,

(G,R1, . . . ,Rm, β
x
v ) |= γ. By (i), for each v ∈ V there is a j such that

v = zj . Hence we have β xv (y) = g(zf x
j (y)) for each first-order variable y. By

inductive hypothesis we have, for each v ∈ V , (G,R1, . . . ,Rm, β
x
v ) |= γ iff,
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for each j ∈ {1, . . . , n}, (G, g, w)  tr
f x

j
n (γ) iff (G, g, w) 

∧n
i=1 tr

f x
i

n (γ) =

trfn(φ).

Definition 3.9 (Translation from SO to FHL) Let Xi be a relation vari-

able of arity ri. Let yXi

a , where a ∈ {1, . . . , n}ri be a state variable (in particular

we set i = i, . . . , i for each i ∈ {1, . . . , n}). Let φ = Q1X1 . . . QlXlψ be a second-

order formula, Qi ∈ {∀,∃}, where ψ is a first-order sentence. We define

Tn(φ) = ♠1 ↓ yX1

1
. . . .♠1 ↓ yX1

n . . . .♠l ↓ yXl

1
. . . .♠l ↓ yXl

n trn(ψ),

where ♠i = E if Qi = ∃ and A otherwise, 1 ≤ i ≤ l.

Example 3.2 Consider the sentence φ of Example 3.1. Let ψ be the following

second-order sentence:

ψ = ∃R∃G∃B(φ).

The sentence ψ above states that there are three sets R, G and B which forms

a 3-colouring of elements in the domain of a structure. Hence, φ is satisfied in

a graph with edges in E iff such graph is 3-colourable. Deciding whether a graph

is 3-colourable is a NP-complete problem [Pap03]. We apply the translation Tn

for n = 3 below. Let

Q̂ = E ↓ yR1 .E ↓ yR2 .E ↓ yR3 .E ↓ yG1 .E ↓ yG2 .E ↓ yG3 .E ↓ yB1 .E ↓ yB2 .E ↓ yB3 ..

We have T 3(ψ) = Q̂tr3(φ). That is,

T 3(φ) = Q̂

(
3∧
i=1

⊕
(
@ty

R
i ,@ty

G
i ,@ty

B
i

)
∧

3∧
i=1

[
3∧
j=1

(
(@zi♦zj ∧ ¬@zizj)→

¬((@ty
R
i ∧@ty

R
j ) ∨ (@ty

G
i ∧@ty

G
j ) ∨ (@ty

B
i ∧@ty

B
j ))
)])

.

Lemma 3.9 Let G = (V,EG) be a graph of cardinality n, R1, . . . ,Rm relations

on V with arities r1, . . . , rm, g an assignment of state variables, β an assignment

of first-order variables and f a function from the set of first-order variables to

{1, . . . , n} such that:

(i) g assigns to each variable zi a different element in V ;
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(ii) g(yRi1,...,ik) = g(t) iff (g(zi1), . . . , g(zik)) ∈ R for each R ∈ {R1, . . . , Rm};

(iii) β(x) = g(zf(x)) for each first-order variable x.

If φ = Q1X1 . . . QlXlψ is a second-order formula in the symbol set

{E,R1, . . . , Rm},

then (G,R1, . . . ,Rm, β) |= φ iff for all w ∈ V , (G, g, w) |= Tn(φ).

Proof. Let v ∈ V such that v 6= g(t). For each X1 on V , let vX1
i1,...,ih

= g(t)

if (g(zi1), . . . , g(zih)) and v otherwise. Then, for each X1 on V there is an

assignment gX1 defined as

gX1 = g
yX1

1,...,1 . . . y
X1
i1,...,ih

. . . yX1
n,...,n

vX1
1,...,1 . . . v

X1
i1,...,ih

. . . vX1
n,...,n

.

On the contrary, given an assignment g′ we can find X1 such that g′ = gX1 .

The assignment gX1 can be described as:

gX1(s) =


g(t) , if s = yX1

i1,...,ih
and (i1, . . . , ih) ∈ X1;

v , for some v 6= g(t), if s = yX1
i1,...,ih

and (i1, . . . , ih) 6∈ X1;

g(s) , otherwise;

It follows that gX1 and X1 satisfies (i) and (iii) and

(ii’) gX1(yRi1,...,ik) = gX1(t) iff (gX1(zi1), . . . , gX1(zik)) ∈ R for each

R ∈ {R1, . . . , Rm, X1}.

Now, we proceed by induction on the size l of the prefix Q1X1 . . . QlXl. If

l = 0, then φ is first-order and the result follows immediately from Lemma 3.8.

Suppose that l > 0. If φ = ∃X1 . . . QlXlψ, then

(G,R1, . . . ,Rm, β) |= φ

iff there is X1 ⊆ V r1 such that

(G,R1, . . . ,Rm,X1, β) |= Q2X2 . . . QlXlψ
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iff, by the inductive hypothesis, there is gX1 such that

(G, gX1 , w) |= Tn(Q2X2 . . . QlXlψ)

iff

(G, g
yX1

1,...,1 . . . y
X1
i1,...,ih

. . . yX1
n,...,n

vX1
1,...,1 . . . v

X1
i1,...,ih

. . . vX1
n,...,n

, w) |= Tn(Q2X2 . . . QlXlψ)

iff

(G, g, w) |= E ↓ yX1

1
. . . . E ↓ yX1

n .Tn(Q2X2 . . . QlXlψ) = Tn(φ).

If φ = ∀X1 . . . QlXlψ, then

(G,R1, . . . ,Rm, β) |= φ

iff, for all X1 ⊆ V r1 ,

(G,R1, . . . ,Rm,X1, β) |= Q2X2 . . . QlXlψ

iff, by the inductive hypothesis, for all gX1 ,

(G, gX1 , w) |= Tn(Q2X2 . . . QlXlψ)

iff, for all vX1
1,...,1 . . . v

X1
i1,...,ih

. . . vX1
n,...,n,

(G, g
yX1

1,...,1 . . . y
X1
i1,...,ih

. . . yX1
n,...,n

vX1
1,...,1 . . . v

X1
i1,...,ih

. . . vX1
n,...,n

, w) |= Tn(Q2X2 . . . QlXlψ)

iff

(G, g, w) |= A ↓ yX1

1
. . . . A ↓ yX1

n .Tn(Q2X2 . . . QlXlψ) = Tn(φ).

We have the following:

Theorem 3.1 Let φ be a second-order S-sentence, S = {E}, and G a graph of

cardinality n. Then G |= φ iff

G |=↓ t.E ↓ z1. . . . E ↓ zn.

 ∧
1≤i<j≤n

@zi¬zj ∧ Tn(φ)

 .
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Proof.

(G, g, w) |=↓ t.E ↓ z1. . . . E ↓ zn.

 ∧
1≤i<j≤n

@zi¬zj

 ∧ Tn(ψ)


iff

(G, g
t

w
,w) |= E ↓ z1. . . . E ↓ zn.

 ∧
1≤i<j≤n

@zi¬zj

 ∧ Tn(φ)


iff there are v1, . . . , vn ∈ V such that

(G, g
tz1 . . . zn
wv1 . . . vn

, w) |=

 ∧
1≤i<j≤n

@zi¬zj

 ∧ Tn(φ)


iff there are v1 6= . . . 6= vn ∈ V such that

(G, g
tz1 . . . zn
wv1 . . . vn

, w) |= Tn(φ)

iff, by Lemma 3.9, G |= φ.

The following is the main theorem of this section:

Theorem 3.2 Let G be a graph property in the polynomial hierarchy. Then

there is a set of sentences Φ = {φ1, φ2, . . . } of FHL\{NOM,PROP}, such

that:

(1) G ∈ G iff G |= Φ iff G |= φ|G|, and

(2) φn is O(nk) for some constant k depending only on G.

Proof. Let ψ be a second-order formula expressing G. This formula exists by

Fagin’s Theorem. Let

θn = E ↓ z1. . . . E ↓ zn.

 ∧
1≤i<j≤n

@zi¬zj

 ∧
A ↓ z1. . . . A ↓ zn.

 ∧
1≤i<j≤n

@zi¬zj → A ↓ z.

 ∨
1≤i≤n

@ziz

 .(3.1)

The sentence θn says that there are exactly n vertices in the frame. We define
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φn as:

φn = θn → ↓ t.E ↓ z1. . . . E ↓ zn.

 ∧
1≤i<j≤n

@zi¬zj

 ∧ Tn(ψ)

 .
Let G ∈ G. Let g be any assignment of state variables and w be any point in

G. If G 6|= θn, then G |= φn. It follows that G |= φn for each n 6= |G|. Hence,

G |= Φ iff G |= φ|G|. Let |G| = n. Then (G, g, w) |= φn iff

(G, g, w) |=↓ t.E ↓ z1. . . . E ↓ zn.

 ∧
1≤i<j≤n

@zi¬zj

 ∧ Tn(ψ)


iff, by Theorem 3.1, G ∈ G.

The following corollary will be used in the complexity results of Section 3.6.

Corollary 3.1 If φ ∈ ∃SO, the existential fragment of second-order logic, then

Tn is in HL(@, ↓, E)\{↓ � ↓, NOM,PROP}, that is, the fragment of HL(@, ↓
, E) without, nominals, propositional symbols and the patterns ↓ � ↓ and ↓ A ↓,
that is, an ↓ inside the scope of a universal modality A or �, which in turn is

inside the scope of other ↓.

In the following section, we will show that we can discharge the global modal-

ities if we consider connected frames with loops.

3.5 Connected Frames with Loops

Let FHL\{E,NOM,PROP} be the hybrid logic without the modality E and

without nominals. One can see that an analogous to Theorem 3.2 does not hold

for FHL\{E,NOM,PROP}. Let us define the disjoint union of frames G =

(V,E) and G′ = (V ′, E′) such that V ∩V ′ = ∅ as the frame G′′ = (V ∪V ′, E∪E′).
Similarly, for models M = (G,V) and M′ = (G′,V′) the disjoint union is

defined as M′′ = (G′′,V ∪V′), where (V ∪V′)(p) = V(p) ∪V′(p).

Its is not difficult to show that:

Lemma 3.10 Frame validity and model (global) satisfaction for sentences from

FHL\{E,NOM,PROP} are invariant under disjoint union.
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Proof. Let G = (V,E) and G′ = (V ′, E′) be two frames such that V ∩ V ′,
and let G′′ be the disjoint union of G and G′. Let M = (G,V) and M′ =

(G′,V′) and M′′ the corresponding disjoint union. Let φ be a formula of

FHL\{E,NOM,PROP}. It follows easily by induction on φ that,

• M  φ iff M′, g, v  φ for all v ∈ V and all assignment g which maps free

state-variables occurring in φ in elements of V , and

• M′  φ iff M′, g, v′  φ for all v′ ∈ V ′ and all assignment g which maps

free state-variables in elements of V ′.

Hence, if φ is a sentence, it follows that M  φ and M′  φ iff M′′  φ.

It follows from Lemma 3.10 above that an analogous to Theorem 3.2 does

not hold for FHL\{E,NOM,PROP}.

Corollary 3.2 There are graph properties in P for which there is no set Φ =

{φ1, φ2, . . .} from sentences in FHL\{E,NOM,PROP} which satisfies condi-

tion (1) from Theorem 3.2 above.

Proof. Connectivity is one such a property. Suppose there is such set. Let G

and G′ be connected frames of size n, then G” be the disjoint union of G and

G′. Then G′′ 6 φ2n, hence G′′  ¬φ2n since φ2n has no propositional symbol,

and by Lemma 3.10 we have that G  ¬φ2n or G′  ¬φ2n, which contradicts

condition (1).

However, Theorem 3.2 still hold if we restrict ourselves to connected frames

with loops. Consider the following translation from formulas in SO into formulas

in FHL\{E,NOM,PROP}:

Definition 3.10 Let φ = Q1X1 . . . QlXlψ be a second-order formula where ψ

is a first-order sentence. We define

T̂n(φ) = ♠1 ↓ yX1

1
. . . .♠1 ↓ yX1

n . . . .♠l ↓ yXl

1
. . . .♠l ↓ yXl

n trn(ψ),

where ♠i = (♦♦−1)n = ♦♦−1 . . .♦♦−1︸ ︷︷ ︸
n

if Qi = E and (��−1)n otherwise.

Lemma 3.11 Let G = (V,EG) be a connected graph with loops on each vertex,

R1, . . . ,Rm relations on V with arities r1, . . . , rm, g an assignment of state

variables, β an assignment of first-order variables and f a function from the set

of first-order variables to {1, . . . , n} such that:
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(i) g assigns to each variable zi a different element in V ;

(ii) g(yRi1,...,ik) = g(t) iff (g(zi1), . . . , g(zik)) ∈ R for each R ∈ {R1, . . . , Rm};

(iii) β(x) = g(zf(x)) for each first-order variable x;

If φ = Q1X1 . . . QlXlψ is a second-order formula in the symbol set

{E,R1, . . . , Rm},

then

(G,R1, . . . ,Rm, β) |= φ iff for all w ∈ V , (G, g, w) |= T̂n(φ).

Proof. Analogous to the proof of Lemma 3.9

Theorem 3.3 Let φ be a second-order sentence and G a connected graph of

cardinality n with loops. Then G |= φ iff

G |=↓ t.(♦♦−1)n ↓ z1. . . . (♦♦
−1)n ↓ zn.

 ∧
1≤i<j≤n

@zi¬zj ∧ T̂n(φ)

 .

Proof. Analogous to the proof of Theorem 3.1

Theorem 3.4 Let G be a property of connected graphs with loops in the poly-

nomial hierarchy. Then there is a set of sentences

Φ = {φ1, φ2, . . . }

of FHL\{E,NOM,PROP}, such that:

(1)for all connected G, G ∈ G iff G |= Φ iff G |= φ|G|, and

(2) φm is O(nk) for some constant k depending only on G.

Proof. Let ψ be a second-order formula expressing G. Let

θn = (��−1)n ↓ z1. . . . (��−1)n ↓ zn. [∧
1≤i<j≤n

@zi¬zj → (��−1)n ↓ z.

 ∨
1≤i≤n

@ziz

 .
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We define φn as:

φn = θn → ↓ t.(♦♦−1)n ↓ z1. . . . (♦♦
−1)n ↓ zn. [ ∧

1≤i<j≤n

@zi¬zj

 ∧ Tn(ψ)

 . (3.2)

(3.3)

The remaining of the proof is similar to the proof of Theorem 1.2

In the following section, we will show that the prefix pattern of the prenex

form is closely related with the degrees of the polynomial hierarchy.

3.6 Polynomial Hierarchy

In [tCF05], it is proved that the model checking for the FHL\ ↓ � ↓ fragment is

NP-complete. The translation given in Section 3.4 above can be used to produce

hybrid formulas of polynomial size using formulas of second-order logic. This

leads to a alternative proof that the model checking problem for the fragment

FHL\ ↓ � ↓ is hard for NP, since there is a polynomial reduction for any instance

of a NP problem to the model checking of FHL\ ↓ � ↓.

Theorem 3.5 ([tCF05]) The model checking problem for σ1 ⊆ FHL\ ↓ � ↓
is NP-hard.

Proof. Let G be an NP-complete graph property. Let φ be an ∃SO sentence

which express G. By Fagin’s Theorem [Fag74a], such sentence exists. Let G be a

graph. Let T |G|(φ) be as defined in Definition 3.9. It is easy to see that T |G|(φ)

can be constructed from φ in time polynomial in |G|. Now, (G,T |G|(φ)) is an

instance of the model checking for FHL\ ↓ � ↓. By Theorem 3.2, the model-

checker returns true for (G,T |G|(φ)) iff G ∈ G. Hence, the model checking for

FHL\ ↓ � ↓ is hard for NP.

Actually, for each degree of the polynomial hierarchy, there is a syntactically

defined fragment of HL whose model checking problem is hard.

Theorem 3.6 The model checking problem for σi (resp. πi) is Σpi -hard (resp.

Πp
i -hard).
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Proof. Analogous to the proof of Theorem 3.5 above, since each graph property

in Σpi (resp. Πp
i ) can be expressed by a SO sentence in Σ1

i (resp. Π1
i ), and Tn(φ)

can always be constructed in time polynomial in n, for a fixed φ ∈ SO.

Also, the model checking for σi and πi are in Σpi and Πp
i , respectively.

Theorem 3.7 The model checking problem for σi (resp. πi) is in Σpi (resp.

Πp
i ).

Proof. We proceed by induction on i. For the sake of simplicity, we consider

only the modalities ♦ and � in the prefix, but the proof is analogous for E

and A. In [tCF05], it is shown that the model checking for FHL\ ↓ � ↓, which

contains σ1, is in NP. It follows that π1 is in co-NP. Now, let qφ be a sentence

in σi+1, where φ is in πi. It follows that q has the form

q = ♦k1 ↓ x1.♦
k2 ↓ x2. . . .♦

km ↓ xm.♦km+1 .

Let M be a finite model, g be an assignment of state variables and w a point in

W . By inductive hypothesis, suppose that the model checking problem for πi is

in Πp
i . We can use nondeterministic Turing machine to existentially guess values

vj for xj among the points in W which are reachable in
∑j
i=1 ki steps from w,

with respect to the accessibility relation R, in polynomial nondeterministic time,

and we can existentially guess points w′ reachable in
∑m+1
i=1 ki steps from w in

polynomial nondeterministic time also. Finally, we can use an oracle for the

model checking of πi with the input

(M, g
v1 . . . vm
x1 . . . xm

, w′), φ).

By inductive hypothesis, such an oracle is in Πp
i . As the existential guesses

initially performed can be made in (existential) nondeterministic polynomial

time, the model checking for σi+1 is in Σpi+1.

The proof is analogous for the model checking of πi+1.

Corollary 3.3 Let Φ = {φ1, φ2, . . .} be such that each φi can be constructed in

time polynomial on i and each φi is in πj (resp. σj). Then the graph property

G defined as:

G ∈ G iff G |= φ|G|

is in Πp
j (resp. Σpj ).
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From Theorems 3.6 and 3.7 we have:

Corollary 3.4 The model checking problem for σi (resp. πi) is Σpi -complete

(resp. Πi-complete).

Corollary 3.5 The frame checking problem for σi\PROP (resp. πi\PROP )

is Σpi -complete (resp. Πi-complete).

3.7 Conclusions

In this chapter we presented some results about the expressibility of properties

in the polynomial hierarchy by sequences of formulas of hybrid logic. In [BS09]

it is presented a sequence φ1, φ2, . . . of HL that expresses the property that

a graph is hamiltonian, in the sense that a graph of size n satisfies φn iff it is

hamiltonian. We show that this can be done for every property in NP, actually

any property in the polynomial hierarchy PH (Theorem 3.2). Beside this, the

size of formulas is bounded by a polynomial on the size of the graph. This leads

to an alternative proof of the NP-hardness (Theorem 3.5), different from the one

presented in [tCF05]. If we do not use the global modalities E and A, we can

no more express properties in PH, by sequences of formulas, actually, relative

simple properties like connectivity cannot be expressed by sets of sentences in

FHL{E,NOM,PROP}. However, if we consider only connected frames with

loops, the result still holds (Theorem 3.4). We also defined the fragments πi and

σi of HL and showed that the model-checking problem for those fragments are

complete problems for the corresponding degree of the polynomial hierarchy.

In the next chapter, we will introduce the bounded-degree second-order logic

and study its descriptive complexity.



Chapter 4

Bounded-Degree SO

In this chapter we introduce the Bounded-Degree Second-Order Logic (BDSO),

a restriction of second-order logic where second-order quantifiers range over

bounded-degree relations, and study its descriptive complexity. Based on pre-

vious works from Olive and Grandjean [GO98] and Schwentick et al. [DLS98],

we show that BDSO captures the class ALIN of queries computable in an alter-

nating random access machine in linear time and a fixed number of alternations

depending only on the query. We also extend BDSO with the transitive closure

operator on relations of bounded degree and we show that it captures the classes

of unary structures which can be accepted by a nondeterministic random access

machine using linearly many registers provided that the values stored in each

register is bounded by a linear function in the cardinality of the input structure.

4.1 Introduction

The relation between the expressive power of logics and complexity classes is one

of the main issues of descriptive complexity, a branch of finite model theory and

computational complexity. From the perspective of computational complexity,

we are interested in the characterization of the expressive power of logics over

finite models in terms of complexity classes. From the point of view of finite

model theory, we are interested in logics whose languages are able to express

all problems in a complexity class, as well as the kind of logical operators (e.g.

quantifiers, fixed-point operators, etc.) these logical languages need to express

those problems.

84



CHAPTER 4. BOUNDED-DEGREE SO 85

One of the first results in this field is Fagin’s Theorem [Fag74b], which states

that second-order logic captures the class NP. Each formula φ of second-order

logic defines a class of finite structures which satisfies φ. Using a standard code

of structures into strings, the class of models of φ gives rise to a language and

the corresponding decision problem over strings. This construction give us a

relation between sentences in a logical language, classes of structures and lan-

guages. A natural question arises, namely what is the computational complexity

of the language defined by the formula φ? Fagin showed that each formula of

second-order logic defines a language which can be accepted by a nondetermin-

istic Turing machine in polynomial time and, conversely, if a class of structures

corresponds to a language in NP, then it can be defined by a formula of SO.

We say that SO captures NP. Before the result of Fagin, Büchi established

the equivalence between regular languages and monadic second-order logic on

strings. That is, a set of strings is regular iff it is the set of strings which are

models of a monadic second-order sentence [Büc60].

Since the remarkable result of Fagin, many other capturing results were

found, for example, the characterization of the class P on ordered structures

with least fixed-point logic [Imm82, Var82], the equivalence between first-order

logic with deterministic transitive closure operator FO(DTC) and deterministic

logspace [Imm83], the equivalence between P and SO-Horn [Grä92], between

PSPACE and partial fixed-point logic [AV91, Imm99], etc..

In [Lyn92], Lynch investigates the expressive power of restrictions of second-

order logic. Lynch is concerned with the problem of finding good lower-bounds

for NP-complete problems. He is intended to find the most restricted language

where the problems of some complexity class can be expressed and then show

a lower bound for certain problem by showing that it cannot be expressed in

this fragment, and hence does not belong to the corresponding class [Lyn92]. In

particular, Lynch shows that any language which can be decided in nondeter-

ministic linear time O(n) can be expressed by a sentence of existential monadic

second-order logic with quantifier prefix Σ1
1Π0

1 (a block of second-order existen-

tial quantifiers followed by a block of universal first-order quantifiers) using the

addition operator as a built-in operator [Lyn92]. In [GO98], Grandjean and

Olive improve the result of Lynch by showing that even the class NLIN can be

expressed in this fragment. The class NLIN is the class of problems which can

be solved in linear time by a nondeterministic random access machine (we give

more details in Section 4.2 below). Many NP- complete problems are known to

belong to NLIN, but just a few are known to be in NTIME(O(n)).
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In this chapter, we investigate the expressive power of a restriction of second-

order logic. The bounded-degree second-order logic BDSO is the restriction of

SO where second-order quantifiers range over relations of bounded degree only.

A relation has bounded degree if the corresponding Gaifman graph has bounded

degree (see Section 4.3 below). We will show that BDSO captures the ALIN hi-

erarchy of problems on unary structures which can be solved in a random access

machine in alternating linear time. In Section 4.2 we present the random access

machine model and the results of Lynch and Grandjean and Olive. In Section

4.3 we define the BDSO logic. In Section 4.4 we show the equivalence between

BDSO and MSO(f), a restriction of second-order logic with quantification over

unary functions only. This equivalence is the capturing result we are looking

for. Some results in Section 4.4 where independently proved in [DLS98]. Finally,

in Section 4.5 we extend BDSO with transitive closure operator on high-order

relations on relations of bounded degree. We show that it captures the class

of unary structures which can be recognized by an NRAM using linearly many

registers provided that the values stored in the registers during a computation

are bounded by a linear function in the cardinality of the input structure.

In this chapter, models are finite.

4.2 Unary Second-Order Logic

In this Section we will present some results about the expressive power of the

unary fragment of second-order logic MSO(f). MSO(f) is the fragment of SO

where second-order quantifiers are restricted to monadic (unary) function.

In this Chapter we use lower case Roman letters f, g, . . . to to represent

functions and the correspond upper case Roman letters F,G, . . . for their graphs.

Definition 4.1 (Unary Second-Order Logic) The logic MSO(f) extends

first-order logic by allowing quantification of unary functions. That is, first-

order formulas are MSO(f) formulas and, if α and β are MSO(f) formulas, x

a first-order variable and F a binary relation variable, then (α ∧ β), (α ∨ β),

¬α, ∃xα and ∃tfFα are formulas of MSO(f).

Let I be an interpretation and ∃tfFφ a MSO(f) formula. We define the
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satisfaction relation between I and ∃tfFφ as

I |= ∃tfFφ

iff

exist F ⊆ A2 which is the graph of a function and such that IF
F |= φ.

The existential fragment ∃MSO(f) of MSO(f) is composed of the formulas

of the form ∃tfF1 . . . ∃tfFnφ where φ is a first-order formula.

MSO(f) is at least as expressive as MSO, monadic second-order logic. That

is because monadic relations can be coded as its characteristic function. Let

P be a monadic relation variable and ψ = ∃Pφ(P ) be an MSO formula. An

interpretation I satisfies ψ iff there is a monadic relation P ⊆ A such that

IP
P |= φ(P ). Suppose that IP

P |= φ(P ) and |A| > 1. Let F ∈ A2 be the graph

of a function such that (a, a) ∈ F iff a ∈ P. It is not difficult to see that

I
F

F
|= φ(F ),

where φ(F ) is obtained from φ(P ) by substituting1 Ftt for Pt for each term

t. Hence I |= ∃tfFφ(F ).

Similarly, let I |= ∃tfFφ(F ). Then there is the graph of a function F ⊆ A2

such that IF
F |= φ(F ). Let P ⊆ A such that a ∈ P iff (a, a) ∈ F. Then

I
P

P
|= φ(P ),

and hence I |= ∃Pφ(P ). It follows that

∃Pφ(P ) ≡ ∃tfFφ(F ).

As pointed out in [DLS98], it can be shown that MSO(f) is strictly more

expressive than MSO. That is because the EVEN query can be expressed in

MSO(f) but not in MSO (see [Lib04]), as we will see below.

Definition 4.2 (EVEN) Let S be a symbol set. The EVEN(S) is the set of

S-structures whose cardinality is even. We write EVEN instead of EVEN(∅) .

1In this chapter, substitutions of subformulas should be carried out with the appropriate
renaming of bound variables in order to avoid erroneous bound of variables in the introduced
subformulas.
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In order to show that EVEN can be expressed in MSO(f), let us first show

that it is possible to simulate quantification over partial functions in MSO(f).

Given a partial function f : A→ B, the graph of f is the set gr(f) = {(a, b) ∈
A2|b = f(a)}. We denote by dom(f) the domain of f , that is, the subset

{a ∈ A|exists b in B such that (a, b) ∈ gr(f)} of A on which f is defined. The

image of f is the set img(f) = {b ∈ B|exists a ∈ A such that (a, b) ∈ gr(f)}. A

function f on A is a function in A→ A.

We introduce now the quantifier ∃pf and define the satisfaction relation

between interpretations and formulas of the form ∃pfFφ as

I |= ∃pfFφ

iff

there is F which is the graph of a partial function and IFF |= φ.

A partial function is either strictly partial (which means that there is some

element in the domain that the function does not map to any element) or it is

total. In the case a function f : A→ A is strictly partial, for finite A, then it is

not surjective.

Now let a ∈ A and f : A→ A be a total function. We can define the graph

of a partial function as

F′ = {(c, d) ∈ A2|d 6= a, and (c, d) ∈ gr(f)}.

This function is either total, in the case a does not belong the image of f , or it

is strictly partial. The element a plays the role of an undefined value. In both

cases it is not a surjective function. The following formula defines F′ in the case

F is interpreted as the graph of f and z is interpreted as a

F ′(F, z, x, y) = y 6= z ∧ Fxy.

Conversely, let f ′ be a nonsurjective partial function on A. Then there is

a total function f on A and a ∈ A such that F′ is the graph of f ′. It suffices

to choose an a that does not belong to the image of f ′ and an f whose graph

contains the graph of f ′ and that maps any other element that does not belong

to dom(f ′) to a.

Now, let φ(F ) be a formula where the binary relation variable F occurs free.
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Let φ(F ′) be obtained from φ(F ) by substituting Ftt′ with

F ′(F, z, t, t′) = y 6= z ∧ Ftt′

for every atom Ftt′ in φ(F ). Since any partial function is nonsurjective or total,

we have the following equivalence:

∃pfFφ(F ) ≡ ∃tfF∃z(φ(F ′) ∨ φ(F )).

This show how to simulate quantification of partial functions using quantifica-

tion of total functions.

On the other hand, we can simulate quantification of total functions by

quantifying partial functions relativized to a statement which says that the

function is total. For example, the following formula says that the relation

represented by F is total:

Total(F ) = ∀x∃yFxy.

If φ(F ) is a formula where F occurs free, we can express the fact that exists a

total function which satisfies φ(F ) with the formula

∃tfFφ(F ) ≡ ∃pfF (Total(F ) ∧ φ(F )).

It follows that quantifying partial functions has the same expressive power as

quantifying total functions.

In order to show that a structure has even cardinality, it is sufficient to show

that there is an injective partial function where every element in the universe

of the structure is either in the domain or in the image of the function. The

following sentence states the existence of such a function:

φEV EN = ∃pfF (injective(F ) ∧ θ(F )),

where

injective(F ) = ∀x∀y∀z((Fxz ∧ Fyz)→ x = y) (4.1)

says that F represents an injective function and

θ(F ) = ∀x(∃yFxy ⊕ ∃yFyx)
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says that every element is either in the domain or in the image of the F . A

structure satisfies φEV EN iff it has even cardinality.

Lemma 4.1 MSO(f) is strictly more expressive than MSO.

In [GO98], Grandjean and Olive study the expressive power of the existential

fragment of MSO(f) on classes of unary functions. They show that the classes

of unary functions computable by an NRAM in nondeterministic linear time are

exactly those expressible in a particular fragment of existential MSO(f).

Definition 4.3 (Unary Structures) A unary structure is a structure on some

signature {>, f1, . . . , fl, c1, . . . , cs}, where > is a binary relation interpreted as

a linear order, each fi is a unary function symbol and each cj is a constant

symbol.

In [GO98], Grandjean and Olive study the NLIN complexity class. They

are motivated by the search for a suitable definition of linear time computation

[Grä90, GS89]. Grandjean introduces a nondeterministic random access ma-

chine (NRAM) which has a set of registers R0, R1, . . . and a set of accumulators

a0, a1, . . . . A program for an NRAM is a finite sequence of instructions I(1),

I(2), . . . , I(r) of the following types (where X, Y and Z are either R or a):

(1) Xi := j

(2) Xi := Yj

(3) Xi := Yj + 1

(4) Xi := Yj−̇1

(5) Xi := YZj

(6) XYj := Zi

(7) guess (Xi)

(8) goto I(i0) or I(i1)

(9) if Xi = Xj then goto I(i0) else goto I(i1)

(10) accept

(11) reject
where i, j, i0, j0 natural numbers with 1 ≤ i0, i1 ≤ r.

An input for such an NRAM is a function f : m→ m\{0}. In the beginning

of the computation, each value f(i) is stored in the register Ri, i < m. The other

registers and the accumulators hold the value 0. The instruction Xi := Yj−̇1

stores in Ri the maximum between the value stored in Yj minus 1 and 0. The

instructions (7) and (8) are nondeterministic: guess (Xi) stores the value of any

register in Xi and goto I(i0) or I(i1) performs the instructions I(i0) or I(i1)
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nondeterministically. A function is accepted by a program if the instruction

accept is reached at some point of the computation. Otherwise it is rejected. A

set of functions is recognized by a program if it is exactly the set of functions

accepted by the program. Let S = {f1, . . . , fk, c1, . . . , cr} be a functional symbol

set and A an S-structure of cardinality n. A can be regarded as an input for

a NRAM where the values of the functions f1, . . . , fk are stored in the first nk

registers of the NRAM followed by the values of the r constants c1, . . . , cr.

In the following we will give some examples of NRAM programs. We will

use other instructions that can be defined using those above. Note that the

instruction goto I(k), that makes de NRAM to jump to the instruction k, for

some natural number k, can be defined as goto I(k) or I(k). The binary op-

erator monus, denoted by −̇, is defined as a−̇b = max{a − b, 0}. The addition

instruction Xi := Yj + Zk and the monus instruction Xi := Yj−̇Zk on regis-

ters and accumulators can be defined using the instructions above and can be

executed in time linear on the values of registers or accumulators Yj and Zk.

The assignment of values linear in the input size Xi := cm can be computed in

linear time in the input size.

Example 4.3 Let S = {f} be a symbol set. The following program evaluates

the formula

∃xf(x) = x

in linear time:

Evaluate the formula ∃xf(x) = x.

1. a0 := 0

2. a1 := 0

3. a2 := Ra1

4. if a2 = a0 then goto I(9) else goto I(5) \\ checks if the algorithm

\\ reached the register Rn

5. if a2 = a1 goto I(6) else goto I(7)

6. accept

7. a1 := a1 + 1

8. goto I(3)

9. reject

The accumulator a1 holds the address (the index) of a register. The accumulator

a2 holds the value stored in the register of index a1. The value of a0 is not
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changed, that is, is equal to 0. Given an S-structure A = (A, f) of cardinality

n, the registers R0, . . . , Rn−1 hold the values of the function f . By definition,

all values taken by f are nonzero. Hence, the first register that stores the value

0 is Rn. The program checks, for each value a1 (beginning from 0 and being

iteratively increased by 1) such that Ra1 is nonzero, if Ra1 (whose value is stored

in a2) is equal to a1. If so, the program accepts the input, otherwise it increases

the value of the a0 by 1 and repeat the process.

Example 4.4 Let S = {>, f1, . . . , fk, c1, . . . , cr} be a symbol set and A an S-

structure of cardinality n. Let φ be a quantifier free S-sentence. Without loss

of generality let us suppose that the only connectives in φ are ¬ and ∧. Let us

show how to write a program Pφ that evaluates φ on A. For each sub-formula

ψ of φ we will denote by Rψ an accumulator and Qψ a subroutine that stores

in Rφ the value 1 if A |= ψ and 0 otherwise. We define Qψ recursively as:

Qci=cj Evaluate the formula ci = cj.

1. a0 := 0

2. if Rci = Rcj then goto I(3) else I(4)

3. a0 := 1

4. Rc1=cj := a0

Qci<cj Evaluate the formula ci < cj.

1. a0 := 1

2. a1 := Rci −Rcj
3. a2 := Rcj −Rci
4. if a1 = a2 then goto I(5) else goto I(6)

5. a0 := 0

6. Rci<cj := a1
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Qfl(ci)=fh(cj) Evaluate the formula fl(ci) = fh(cj).

1. a0 := ln

2. a1 := a0 +Rci

3. a2 := Ra1

4. a1 := a0 +Rcj

5. a2 := Ra1

6. a3 := 0

7. if a1 = a2 then goto I(8) else goto I(9)

8. a3 := 1

9. Rfl(ci)=fh(cj) := a3

Qα∧β Evaluate the formula α ∧ β.

1. a0 := 0

2. if Rα = a0 then goto I(5) else goto I(3)

3. if Rβ = a0 then goto I(5) else goto I(4)

4. a0 := 1

5. Rα∧β

Q¬α Evaluate the formula ¬α.

1. if Rα = 0 then goto I(2) else goto I(3)

2. R¬α := 1

3. R¬α := 0

The program Pφ that evaluates φ on a S-structure A can be constructed using

the subroutines Qψ for each subformula ψ of φ. For each subformula ψ of φ we

define a program Pψ that evaluates ψ on A by concatenating programs for its

subformulas. First we define P ′φ recursively in the following way. If ψ is atomic,

P ′ψ = Qψ and

P ′α∧β =
P ′α
P ′β
Qα∧β

and P ′¬α =
P ′α
Q¬α

.

Concatenation of programs should be carried out with the appropriated modi-

fication of the goto commands since line numbers will change. Finally, suppose
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that P ′φ has l lines. We have

Pφ =

P ′φ
l + 1. if Rφ = 0 then goto I(l + 2) else goto I(l + 3)

l + 2. accept

l + 3. reject

Definition 4.4 (NLIN) The complexity class NLIN is the class of sets of

unary structures which can be recognized by some program running on a NRAM

in nondeterministic linear time.

The main result of [GO98] states that a class of unary structures is in NLIN

iff it can be expressed in a very restricted fragment of MSO(f).

Theorem 4.1 (Grandjean and Olive 1998) Let C be a set of unary struc-

tures in a signature S = {>, f1, . . . , fl, c1, . . . , cs}. Then C is in NLIN iff exists

an ∃MSO(f) sentence ∃F1 . . . ∃Fn∀xφ(x, F ), where φ(x, F ) is a quantifier-free

formula, such that, for each unary S-structure A,

A ∈ C iff A |= ∃F1 . . . ∃Fn∀xφ(x, F ).

The formula φ(x, F ) is constructed from an NRAN program which accept a

set of unary structures in linear time. It is defined so that a tuple of functions

F on a unary S-structure A satisfies φ(x, F ) iff there is an accepting run of

linear size in the associated computation tree. The tuple of relation symbols F

represents a run of linear size in the computation tree. The formula φ(x, F ) is

the conjunction of two formulas α(x, F ) and β(x, F ). The first is satisfied by a

tuple of relations F iff it represents a run of linear size. The second tests if the

run is an accepting run.

We can extend the definition of NRAM in order to allow universal nonde-

terministic behaviour. An Alternating RAM (ARAM) is able to perform both

existential and universal nondeterministic computations. We substitute the in-

struction (7) with the instructions

(7’) ∃guess (Xi)

(7”) ∀guess (Xi)

The instruction ∃guess (Xi) corresponds to an existential nondeterministic

choice of the value for the register Xi among the values stored in the registers of

the machine at the time this instruction is executed. If the the machine carries



CHAPTER 4. BOUNDED-DEGREE SO 95

on an accepting computation with some of these values in Xi, then the input is

accepted by the program. Similarly, the ∀guess (Xi) corresponds to a universal

nondeterministic choice of value for the register Xi among the values stored in

the registers of the machine. After the instruction ∀guess (Xi) is executed, the

input is accepted if and only if the machine carries on an accepting computation

for each possible value of the register among those guessed by the machine. With

this definition, we can define the class ALIN of sets of function accepted by a

RAM in alternating nondeterministic linear time.

Definition 4.5 A set of unary functions belongs to ALINk if it is recognized

by a ARAM in linear time using at most k alternations between existential and

universal guesses. We define the class ALIN=
⋃
i∈NALINk.

It follows from Theorem 4.1 that MSO(f) captures ALIN on unary functions.

We proved the following:

Theorem 4.2 A set of unordered unary structures is in ALINk iff it can be

expressed by a sentence in MSO(f) whose quantifier prefix has k blocks.

Proof. The proof is similar to the one for Theorem 4.1 in [GO98]. Let φ be a

MSO(f) in prenex normal form. In [DLS98], it is shown that existential quan-

tification of linear order relations can be defined using existential quantification

of unary function. Hence we can suppose the existence of an order relation.

In order to evaluate φ on some unary structure, we can guess the values of

first-order variable and unary functions occurring in the prefix of φ using the

∀guess(Ri) and ∃guess(Ri) instructions. For example, to universally guess a

function we just need to guess the value of the function for each element of the

domain. This can be done with m calls to the ∀guess(Ri) instruction, where m

is the size of the domain. Hence, guessing the variables in the quantifier prefix

can be done in linear alternating time. Once the variables in the quantifier

prefix are chosen, we can easily evaluate the quantifier-free part of φ as usual.

It follows that, if a class of unary structures can be expressed in MSO(f) then

it is in ALIN.

For the converse, it is sufficient to use the encoding of NRAM programs into

formulas shown in [GO98]. Let P be a program for an ARAM which makes

at most k alternations which accepts a class C of unary S-structures in linear

alternating time for some functional symbol set S = {f1, . . . , fl}. A run in an

ARAM can be divided into segments such that in each segment only one kind
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of nondeterministic command, either ∃guess (Ri) or ∀guess (Ri), is executed.

Each segment corresponds to a run of the machine whose initial configuration is

the last configuration of the previous segment. In [GO98] it is shown a formula

α(f, F ) which says that F codes a run of linear size of a NRAM which starts with

the functions f = f1, . . . , fl} stored on their registers as input. This formula can

be easily modified to obtain a new formula αl(f, F1, . . . , Fk), for each l, which

says that each F i represents a segment of a run where the guess operations are

of the same type, that is, either ∀guess or ∃guess, and such that the relations

F 1, . . . , F k together code a run of linear size starting with the functions f as

input. A formula β(F1, . . . , Fk) just check whether the instruction accept was

reached at some point. Without loss of generality, suppose that the first guess

instruction is of the type ∃guess. Then the formula

∃F 1∀F 2 . . . QF l[α(f, F 1, . . . , F l) ∧ β(F1, . . . , Fk)]

express the class C, where Q = ∀ if k is even and Q = ∃ otherwise.

In the next section we will introduce the Bounded-Degree Second-Order

Logic.

4.3 Bounded-Degree Second-Order Logic

In this section, we will define a restriction of SO in which we are allowed to

quantify over relations of bounded degree.

We present below three different notions of degree of a relation. First, let us

define the Gaifman graph of a relation.

Definition 4.6 (Gaifman Graph) Let R ∈ Ar be an r-ary relation on A.

The Gaifman graph of R is the graph G = (A,E) such that

E = {(a, a′) ∈ A|there is (a1, . . . , ar) ∈ Ar, a = ai, a
′ = aj , 1 ≤ i 6= j ≤ r}.

The first notion of degree of a relation comes from the Gaifman graph of the

relation.

Definition 4.7 (Gaifman Degree) The Gaifman degree dG(R) of a relation

R ∈ Ar is the maximum degree of a vertex in the Gaifman graph of R.
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Another way to measure the degree of a relation can be defined by counting

the number of tuples in which some element occurs in a relation. Let R ⊆ Ar

be a relation and a ∈ A. We define dRi (a) = |{(a1, . . . , ar) ∈ Ar|ai = a}|,
1 ≤ i ≤ r, the number of tuples in R which have a in the i-th position, and

dR(a) = |{(a1, . . . , ar) ∈ Ar|a = ai, for some 1 ≤ i ≤ r}|, the number of tuples

R which have a in some tuple.

Definition 4.8 (Simple and Projection Degree) The simple degree d(R)

of a relation R ∈ Ar is the greatest number of tuples which have a common

component, that is, d(R) = max{dR(a)|a ∈ A} and the projection degree dp(R)

of a relation is the greatest number of tuples which have a common component

which appears in the same position, that is, d(R) = max{dRi (a)|a ∈ A, 1 ≤ i ≤
r}.

We will introduce a form of second-order quantification which is obtained by

restricting the range of quantifiers to relations of bounded degree. As we saw

above, we have three notions of degree of a relation and hence we can define

bounded-degree quantification in three different ways. We will see later that

these three notions are actually equivalent.

Definition 4.9 The Bounded-Degree Second-Order Logic (BDSO) is the ex-

tension of first-order logic with second-order quantifiers ∃G,k, ∃s,k and ∃p,k for

each k ∈ N which quantify over relations of Gaifman, simple and projection

degree less than or equal to k respectively. If φ(X) is a formula of BDSO where

X is a relation variable of arity r and I = (A, β) an interpretation, then we

define I |= ∃G,kXφ(X) (respectively, I |= ∃s,kXφ(X) and I |= ∃p,kXφ(X)) iff

exists a relation X ⊆ Ar of Gaifman (respectively, simple and projection) degree

less than or equal to k, such that IXX |= φ(X).

The three notions of degree given above lead to three definitions of bounded-

degree relation. These notions are actually close related, as we show in the

lemma below2.

Lemma 4.2 For all c, r ∈ N and R ∈ Ar exists c′ such that:

(i) if dG(R) ≤ c then d(R) ≤ c′;

(ii) if d(R) ≤ c then dp(R) ≤ c′; and

2In [Lib04, page 55] it is stated the equivalence between the notions of Gaifman degree
and projection degree. In Lemma 4.2 we give a proof of the equivalence of the three notions.
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(iii) if dp(R) ≤ c then dG(R) ≤ c′.

Proof. (i) If dG(R) ≤ c, then each element a ∈ A occurs in tuples of R related

with at most c− 1 other elements. An upper bound for d(R) is the number of

r-tuples we can construct with c elements. We have

d(R) ≤ cr.

(ii) Since

{(a1, . . . , an) ∈ An|aj = a} ⊆ {(a1, . . . , an) ∈ An|a = ai, for some 1 ≤ i ≤ n},

for each 1 ≤ j ≤ n, then dp(R) ≤ c if d(R) ≤ c.

(iii) Let dp(R) ≤ c. An element a ∈ A appear in at most c · r tuples. In each

tuple in R, a appears related with at most r − 1 other elements. We have that

dG(R) ≤ (r − 1) · r · c+ 1.

We can express in first-order logic the property of a relation to have Gaifman,

simple and projection degree less than or equal to certain constant.

Lemma 4.3 Let c ∈ N and R a relation symbol of arity r. There are first-

order sentences φc(R), ψc(R) and θc(R) such that, for any τ ∪{R}-structure A,

A |= φc(R), resp. ψc(R), θc(R), iff dG(RA) ≤ c, resp. d(RA) ≤ c, dp(RA) ≤ c.

Proof. Let α(x, y,R) be the following formula:

α(x, y,R) = ∃x1 . . . ∃xr

 ∨
1≤i 6=j≤r

x = xi ∧ y = xj

 ∧Rx1 . . . xr

 .
This formula says that the elements represented by x and y occur related in

some tuple of R. The formula

γc(x,R) = ∃x1 . . . ∃xc

 ∧
1≤i<j≤c

(xi 6= xj) ∧
∧

1≤i≤c

α(x, xi, R)


says that at least c elements are related to the element represented by x. We
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can write the desired formula φc(R) as

φc(R) = ∀x¬γc+1(x).

Now, for each pair of variable sequences x = x1, . . . , xr and y = y1, . . . , yr of

length r, we define the formula

x 6= y =
∨

1≤i≤r

xi 6= yi.

Let ∃x be an abbreviation of ∃x1 . . . ∃xr. Let xi = xi1, . . . , xir, 1 ≤ i ≤ c. We

define the formulas

βi(x, x) = Rx ∧ x = xi,

ψ≥c(R, x) = ∃x1 . . . ∃xc

 ∧
1≤i<j≤c

(xi 6= xj) ∧
∨

1≤i≤r;1≤j≤c

(βi(x, xj))


and

θi≥c(R, x) = ∃x1 . . . ∃xc

 ∧
1≤i<j≤c

xi 6= xj ∧
∨

1≤j≤c

(βi(x, xj))

 .

The formula βi(x, x) says that the tuple of elements represented by x is in the

relation R and that the element represented by x occurs on the position i of

this tuple. The formula ψ≥c(R, x) (respectively, θi≥c(R, x)) says that there are

at least c tuples of elements in R in which the element represented by x occurs

(respectively, on the position i). Finally we have

ψc(R) = ∀x¬ψ≥c+1(R, x)

and

θc(R) = ∀x(
∨

1≤i≤r

¬θi≥c+1(R, x)).

It follows from Lemmas 4.2 and 4.3 that the three quantifiers ∃G,c, ∃s,c and

∃p,c are equivalent.

Lemma 4.4 Any formula of BDSO can be written using either ∃G,c, ∃s,c or

∃p,c as the only kind of second-order quantifier.
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Proof. It is sufficient to relativize each quantifier to the formulas of Lemma

4.3 using the bounds of Lemma 4.2. Namely we can apply the following equiv-

alences:

∃G,cRα(R) ≡ ∃s,c
r−1

R(φc ∧ α(R)),

∃s,cRα(R) ≡ ∃p,cR(ψc ∧ α(R)),

∃p,cRα(R) ≡ ∃G,r·(r−1)·cR(ψc ∧ α(R)),

where r is the arity of the relation symbol R.

Each quantifier introduced above gives rise to an alternating quantifier hier-

archy.

Definition 4.10 We define the classes of formulas Π•i,k and Σ•i,k, for • ∈
{dG , s, p} and i, k ∈ N , recursively as:

Π•0,k = Σ•0,k = FO;

Π•i+1,k = ∀•,k
′
R1 . . . ∀•,k

′
Rnφ, where φ ∈ Σ•i,k and k′ ≤ k;

Σ•i+1,k = ∃•,kR1 . . . ∃•,kRnφ, where φ ∈ Π•i,k and k′ ≤ k.

The index i represent the number of alternating quantifier blocks and k the

maximum degree of a quantified relation.

Given a fixed i, we define the degree hierarchies Π•i =
⋃
k∈N Π•i,k and Σ•i =⋃

k∈N Σ•i,k.

We can show that the degree hierarchies collapse at some point for all the

three notions of degree introduced below.

Theorem 4.3 The degree hierarchies ΠdG
i and ΣdGi , Πp

i and Σpi , Πs
i and Σsi ,

collapse at some level regardless of i.

Proof. We first show the result for Πs
i and Σsi . The strategy is to split a

relation into relations of smaller degree. Let R be a relation of arity r and

simple degree d(R) = c. Then we can split R into r · (c − 1) + 1 relations of

degree 1. Intuitively, we can distribute the tuples into the relations so that each

element occurs in only one tuple in a relation. Since the degree of R is c, each

element appears in at most c− 1 other tuples. Given a r-tuple a = (a1, . . . , ar)

there are at most r · (c− 1) tuples which have some element which also occurs

in a. It follows that there are at most r · (c − 1) relations of degree 1 which
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contains a tuple where some of the elements in the tuple a occurs. Since we

have r · (c − 1) + 1 relations, there is a relation without any tuple where some

of the elements a1, . . . , ar occurs. We can put a in this relation. It means that

each relation of simple degree c is the union of c · (c− 1) + 1 relations of degree

at most 1.

On the other hand, any union of relations of degree 1 gives rise to a relation of

degree less than or equal to c, provided that each element occurs in a tuple in

at most c different relations. This condition can be expressed by the following

formula:

SDc(R0, . . . , Rr·(c−1)) = ψc(

r·(c−1)∨
l=0

Rl),

where ψc(R) is the formula from Lemma 4.3 and ψc(
∨r·(c−1)
l=0 Rl) is obtained from

ψc(R) by substituting Rt1 . . . tr with
∨r·(c−1)
l=0 Rlt1 . . . tr for any terms t1 . . . tr.

Based on this, we can write the following equivalence:

∃s,cRφ(R) ≡ ∃s,1R0 . . . ∃s,1Rr·(c−1)(SDc(R0, . . . , Rr·(c−1)) ∧ φ(

r·(c−1)∨
j=0

Rj)),

where φ(
∨r·(c−1)
j=0 Ri) is obtained from φ(R) by replacing each atom of the form

Rt1 . . . tr with
r·(c−1)∨
j=0

Rjt1 . . . tr.

This shows how to substitute every quantifier ∃s,c with blocks of quantifiers ∃s,1.

Hence Πs
i and Σsi collapse to level 1. Applying Lemma 4.3 we get the collapsing

results for the hierarchies ΠdG
i , ΣdGi , Πs

i and Σsi .

In the following section we give some examples of queries which can be

expressed in this logic.

4.3.1 Examples

It follows from Definition 4.9 that monadic second-order logic is included in

BDSO. That is because unary relations have Gaifman degree 0. We present

below some examples of queries expressible in BDSO.

Example 4.5 (Reachability) Let τ = {E, s, t} be a symbol set where E is

a binary relation and s and t are constant symbols. τ -structures are graphs
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equipped with two distinct constant symbols. The reachability query is the

class of finite τ -structures in which there is a path between s and t.

Let S be a binary relation symbol. We define the field of a relation as the set

of elements which appear in some tuple of the relation. The formula

field(S, x) = ∃y(Sxy ∨ Syx)

defines the field of a binary relation S. Let φ(S) be a first-order formula saying

that S is a “successor-like” relation, that is, each element has at most one

predecessor and at most one successor and there is only one element without

predecessor and only one element without successor:

φ(S) = ∀x(field(S, x)→ ∃≤1ySxy ∧ ∃≤1ySyx) ∧

∃=1y(field(S, y) ∧ ¬∃zSyz) ∧ ∃=1y(field(S, y) ∧ ¬∃zSzy)).

Any interpretation of S which satisfies φ(S) is a relation of degree at most 2.

Besides this, any interpretation of S can be described as a directed path together

with some (or possibly none) directed cycles. Let ψ(S) be a first-order formula

which says that, if the pair (a, b) is in S, then it is in E and that s has no

predecessor with respect to S and that t has no successor with respect to S:

ψ(S) = ∀x∀y(Sxy → Exy) ∧ ¬∃xSxs ∧ ¬∃xStx.

In any interpretation of S which satisfies φ ∧ ψ there is a path between s and t

in the graph. Consider the following formula:

θ = ∃G,2S(φ(S) ∧ ψ(S)).

A τ -structure A satisfies θ iff there is a path from sA to tA in A.

Example 4.6 (Graph Isomorphism) Let τ = {V, V ′, E,E′} be a symbol set

where V and V ′ are unary relations and E and E′ binary relations. The graph

isomorphism query is the set of τ -structures such that the {V,E} and {V ′, E′}
reducts are isomorphic graphs. Let F be a binary relation symbol, Img(F, x) a

first-order formula which says that x belongs to the image of F , namely

Img(F, x) = ∃yF (y, x),
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Dom(F, x) a first-order formula which says that x belongs to the domain of F ,

namely

Dom(F, x) = ∃yF (x, y),

and iso(F ) be a first-order logic sentence which says that F is an isomorphism

between the {V,E} and {V ′, E′} reducts, namely:

iso(F ) = biject(F ) ∧ ∀x(Img(F, x)↔ V x ∧Dom(F, x)↔ V ′x)∧

∀x∀y(V x ∧ V y ∧ Exy ↔ ∃x′∃y′(Fxx′ ∧ Fyy′ ∧ E′x′y′)),

where biject(F ) is a first-order formula which says that F is the graph of a

bijection. The graph isomorphism query is expressed by the following ∃BDSO

sentence:

graphIso = ∃G,2F iso(F ).

In the next section, we will talk about the equivalence between bounded-

degree quantification and quantification of functions and relations of linear size.

4.4 Functions and Linear Size Relations

In this Section, we give some characterizations of BDSO using other kinds of

quantification. In [DLS98], Schwentick et al. studied several restrictions of

second-order quantification over binary relations, as, for example, quantify-

ing linear-order relations, unary functions, partial order relation, relations of

bounded degree, relations of bounded out-degree, etc.. They studied the exis-

tential fragments of the logics obtained by using these quantifiers and divided

them in the following four groups:

1. partial order relations, arbitrary binary relations;

2. unary functions, linear order relations, equivalence relations, addition,

graphs with bounded outdegree, graphs with linearly many arcs;

3. permutations, successor relations, graphs with bounded degree;

4. sets.

Schwentick et al. [DLS98] showed that any existential formula obtained by

quantifying relations of any kind above is equivalent to an existential formulas
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using quantification of relation of any other sort in the same group. For exam-

ple, each formula which can be written using a prefix of existential quantifiers

ranging over linear order relations has an equivalent using a prefix of existen-

tial quantifiers ranging over graphs with bounded outdegree. Beside this, each

group strictly contains the group below.

Here we will consider the entire logic, where both the existential and uni-

versal quantifiers may be used, for the quantification of unary functions and

bounded-degree relations (not necessarily binary relations). First, we will show

how we can quantify over linear orders using bounded-degree quantification.

Although we cannot directly quantify over relations of unbounded degree,

sometimes we can define such relations from relations of bounded degree. For

instance, we can existentially quantify a relation which is a successor relation on

the domain and then use a formula to define a linear order from this successor

relation.

Definition 4.11 Given a binary relation R and a formula φ(R) we can con-

struct a new formula ∃loRφ(R). We define the satisfaction relation between an

interpretation I and a formula of the form ∃loRφ(R) as

I |= ∃loRφ(R)

iff

exists a linear order < on the domain of I such that IR< |= φ(R).

As we said, group 2 is strictly contained in group 3 above with respect to

existential formulas. It is noted in [DLS98] that on ordered structures these two

groups coincide. It means that, if we allow both existential and universal quan-

tification, these two groups are equivalent, since we can quantify order relations

using existential and universal quantification of bounded-degree relations. We

give a proof of this fact below.

Lemma 4.5 Every formula using the quantifier ∃lo is equivalent to a formula

using only bounded-degree quantification.

Proof. Let φ(S) be the formula from Example 4.3.1 which says that S is a

successor-like relation. Let min(S, x) = ¬∃ySyx be a first-order formula which

says that x is the element of S without predecessor and let cl(S, x, y) be the

following MSO formula:

cl(S, x, y) = ∀C[(Cx ∧ ∀z∀w(Cz ∧ Szw → Cw))→ Cy].
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The formula cl(S, x, y) says that y is reachable from x through S transitions.

Let succ(S) be the formula

succ(S) = φ(S) ∧ ∃x(min(S, x) ∧ ∀y cl(S, x, y)).

This formula says that every element is reachable from x through S transitions,

where x represents the element without predecessors. A relation interpreting S

satisfies succ(S) iff it is a successor relation. We can then define the transitive

closure of S using monadic quantification, namely the formula cl(S, x, y). Given

a formula α(R), let α(cl(R)) be obtained from α(R) by replacing atoms of the

form Rtt′ with cl(S, t, t′). It is clear that

I |= ∃G,2S(φ(S) ∧ succ(S) ∧ α(cl(S))

iff

exists a linear order R on the domain of I such that IR
R |= α(R).

Hence, we can define the quantifier ∃lo which ranges over linear orders using

bounded-degree quantification as

∃loR α(R) = ∃G,2S(φ(S) ∧ succ(S) ∧ α(cl(S)).

We are able to show now that quantification over unary functions has the

same expressive power as bounded-degree quantification. It will follow from

the equivalence of existential quantification of linear order relations and unary

functions [DLS98]. We will give a proof of how we can define the ∃tf quantifier,

which quantifies over unary functions using bounded-degree quantification.

Lemma 4.6 Every formula in MSO(f) has an equivalent in BDSO.

Proof. Given a linear order < on A and an injective partial function G ⊆ A2

such that the least element of A w.r.t. < is in the domain dom(G) of G, we

can define a total function h<,G : A → A as h<,G(a) = g(aG), where aG is the

greatest element in dom(G) less than or equal to a w.r.t. <. Conversely, let

f : A→ A be a function with image img(h). It is not difficult to see that there

is an ordering < of A such that, for all a, b ∈ A, if h(a) = h(b), then for all

c ∈ A such that a ≤ c ≤ b we have h(c) = h(a). The order < is composed

by segments whose elements are those with the same image w.r.t. h. We can
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then define a partial function G ∈ A2 such that a ∈ dom(G) iff it is the least

element in a segment and G(a) = h(a) for all a ∈ dom(G). It means that we

are able to quantify over functions using quantification over linear orders and

injective partial functions. First note that any injective partial function has

Gaifman degree at most 2. Let < and G be binary relations and inject(G) a

first-order sentence saying that G is (the graph of) an injective partial function

whose domain contains the least element in the domain of a structure w.r.t. <:

inject(G) = ∀x(field(G, x)→ ∃=1yGxy) ∧

∀x∀y∀z(Gxz ∧Gyz → x = y) ∧

∃x(∀y(x ≤ y) ∧ ∃yG(x, y)).

As we explained above, given a linear order < and a partial injective function

G we can define the function h<,G as:

func(<,G, x, y) = ∃z(G(z, y) ∧ ∀z′(Dom(G, z′) ∧ z < z′ → x < z′)).

In this way, we can define the quantifier ∃tfF as:

∃tfFα(F ) = ∃lo < ∃G,2G(inject(G) ∧ α(func(<,G))),

where α(func(<,G)) is obtained from α(F ) by replacing every atomic formula

of the form Ftt′ with func(<,G, t, t′).

The picture below shows the strategy used in the proof above. Let A =

{a, b, c, d, e, f} and h = {(a, c), (b, b), (c, c), (d, f), (e, f), (f, e), (g, f)}. We order

A so that the elements that h maps to the same value form a segment in the

order. A possible one is a > c > b > d > e > g > f . The segments are

a > c, b, d > e > g and f . Now we just have to consider the values of

h for the least elements of each segment. For this ordering > we have G =

{(c, c), (b, b), (g, f), (f, e)}. If we want to find the value h(x) of some element

x ∈ A, we just have to find the segment where it lies, which means to find the

greatest element y less than or equal to x in dom(G). Then we have h(x) = G(y).

For example, if x = e, then y = g and h(x) = G(y) = f .
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On the other hand, we can simulate quantification of relations of bounded

degree using quantification of unary functions. Although the results in [DLS98]

are restricted to binary relations, we can show that the same hold for relations

of bounded degree of arbitrary arity.

Lemma 4.7 Each formula of BDSO has an equivalent in MSO(f).

Proof. We saw in the Section 4.2 above how to define the quantifier ∃pf in

MSO(f). Let R ∈ Ar be an r-ary relation of simple degree 1. Let Fi =

{(ai, ai+1) ∈ A2|(a1, . . . , ar) ∈ R}, 1 ≤ i ≤ r − 1. Since each element in A

occurs at most in one tuple in R, each Fi is the graph of a partial injective

function and R = {(a1, . . . , ar) ∈ Ar|(ai, ai+1) ∈ Fi, 1 ≤ i ≤ r − 1}. We call

these relations a functional representation of R.

Let F1, . . . , Fr−1, be a binary relation symbols and α(F1, . . . , Fr−1, x1, . . . , xr)

be the following formula:

α(F1, . . . , Fr−1, x1, . . . , xr) = (Fi,1x1x2 ∧ · · · ∧ Fi,r−1xr−1xr).

It is not difficult to see that a functional representation of R satisfies this formula

for an assignment a1, . . . , ar to the variables x1, . . . , xr iff (a1, . . . , ar) ∈ R.

Let R ∈ Ar be a relation of simple degree c. By Theorem 4.3, R is the union of

m = r · (c− 1) + 1 relations of simple degree 1, say R1, . . . ,Rm. We call these

relations a decomposition of R (of simple degree 1).
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We need a formula which express the fact that a set of relations is a functional

representation of a relation of simple degree 1. The following formula express

this fact:

Dec(F1, . . . , Fr−1) = ∀x∃≥1x(

r−1∨
i=1

x = xi ∧
r−1∧
i=1

Fixixi+1).

Let F1,1, . . . , Fm,r−1 be binary relations. Each sequence Fi,1, . . . , Fi,r−1 is a

functional representation of Ri. That is, we first divide a relation into several

relations of degree 1 and then we split each relation of degree 1 into a functional

decomposition. We have the following equivalence:

∃s,cRφ(R) ≡ ∃pfF1,1 . . . ∃pfFm,r−1

[
m∧
i=1

Dec(Fi,1, . . . , Fi,r−1)∧

ψc

(
m∨
i=1

α(Fi,1, . . . , Fi,r−1, x1, . . . , xr)

)
∧

φ

(
m∨
i=1

(α(Fi,1, . . . , Fi,r−1, x1, . . . , xr))

)]
,

where ψc(R) is the formula from Lemma 4.3 which says that R has Gaifman

degree at most c,

ψc(

m∨
i=1

α(Fi,1, . . . , Fi,r−1, x1, . . . , xr))

is obtained from ψc(R) by replacing Rt1 . . . tr with

m∨
i=1

α(Fi,1, . . . , Fi,r−1, t1, . . . , tr)

for all terms t1 . . . tr, and

φ(

m∨
i=1

(α(Fi,1, . . . , Fi,r−1, x1, . . . , xr)))

is obtained from φ(R) by replacing each atom of the form Rt1 . . . tr with

m∨
i=1

(α(Fi,1, . . . , Fi,r−1, t1, . . . , tr)).
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It follows immediately from Lemmas 4.6 and 4.7 that, besides the degree

hierarchy, the arity hierarchy also collapses.

Corollary 4.1 Every formula of BDSO can be written using bounded-degree

quantification over binary or monadic relations.

Proof. We just need to apply Lemma 4.7 to get a formula in MSO(f) and then

Lemma 4.6 to get new a formula in BDSO. Note that in the formula obtained

from Lemma 4.7 only binary relations of bounded degree and monadic relations

appear quantified.

Now we will show that bounded-degree quantification is also equivalent to

quantifying over relations of linear size. [DLS98] prove the fact for binary rela-

tion. We present a different proof for relations of arbitrary arity.

Definition 4.12 Let c ∈ N and R an r-ary relation. We define the quantifier

∃c which quantifies over relations of size c ·n, where n is the size of the structure

where the formula is being interpreted. Let I be an interpretation with domain

A. We define the satisfaction relation for formulas of the form ∃cRφ(R) as:

I |= ∃cRφ(R)

iff

exists a relation R, |R| < c · |A|, such that IR
R |= φ(R). (4.2)

Lemma 4.8 Each formula in BDSO can be written using the ∃c quantifier in-

stead of bounded-degree quantification.

Proof. Any relation of bounded degree has linear size. In order to see this, let

R ⊆ Ar be an r-ary relation of simple degree at most d. Then each element

from A occurs in at most d tuples in R, which means that there are at most d ·n
tuples in R. The same for Gaifman and projection degrees, but with different

upper bounds. In order to quantify over bounded-degree relations using linear

size quantification, one need only to relativize the linear size quantification to

relations of bounded-degree. Let ∃s,dRα(R) be a BDSO formula. We have the

following equivalence:

∃s,dRα(R) ≡ ∃dR(ψc(R) ∧ α(R)),
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where ψc(R) is the formula from Lemma 4.3. By applying this equivalence we

can iteratively eliminate all occurrences of bounded-degree quantification.

Lemma 4.9 Each formula written with quantification of linear size relations

can be rewritten using bounded-degree quantification.

Proof. Let R ⊆ Ar be an r-ary relation such that |R| ≤ c · |A|. Then R is the

union of c pairwise disjoint relations R1, . . . ,Rc of size at most |A| each. Let

f i : A → Ar be a surjective partial function. Let F i1, . . . , F
i
r ⊆ A2, 1 ≤ i ≤ c,

be defined as:

F ij = {(a, ai) ∈ A2|f i(a) = (a1, . . . , ar)}.

It follows that (a1, . . . , ar) ∈ R iff exists an a ∈ A and 1 ≤ i ≤ c such that F ijaaj ,

1 ≤ j ≤ r. Let ∃cRφ(R) be a formula. We have the following equivalence:

∃cRφ(R) ≡ ∃pfF 1
1 . . . ∃pfF crφ(Seg(F 1

1 , . . . , F
c
r )),

where φ(Seg(F 1
1 , . . . , F

c
r )) is obtained from φ(R) by substituting each atom of

the form Rt1 . . . tr with

Seg(F 1
1 , . . . , F

c
r , t1, . . . , tr) = ∃x

c∨
i=1

r∧
j=1

F ijxtj .

The equivalence between BDSO and MSO(f) give us a characterization of

the expressive power of of BDSO in terms of the complexity classes it can express

over unary structures (see Theorem 4.2).

Theorem 4.4 BDSO captures ALIN on classes of unary structures.

In the next section, we will add the transitive closure operator on high-order

relations on relations of bounded degree. We will show that it captures linear

number of registers in a NRAM provided that the values stored in the registers

are linear in the input size.

4.5 Transitive Closure

In this section we will augment the BDSO logic with the ability of defining the

transitive closure of higher-order relations on relations of bounded degree. To
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be able to define the transitive closure of higher-order relations gives to second-

order logic expressive power enough to express queries complete for PSPACE.

Actually, the logic SO(TC) captures the class PSPACE of queries computable in

polynomial space [Imm99]. We will show that BDSO augmented with transitive

closure on high-order relations on relations of bounded degree capture linear

number of registers on an NRAM provided that the values stored in the registers

during the computation are linear.

Definition 4.13 (BDSO(TC), BDSO(pos TC)) Let φ(R1, . . . , Rk, R
′
1, . . . , R

′
k)

be an S-formula of BDSO with free relational variables R1, . . . , Rk, R
′
1, . . . , R

′
k

such that Ri and R′i have the same arity. The logic BDSO(TC) extends BDSO

with the transitive closure operator

[TCdR1,...,Rk,R′1,...,R
′
k
φ(R1, . . . , Rk, R

′
1, . . . , R

′
k)](X,X ′)

which defines the transitive closure of the binary relation on tuples of relations

of bounded degree defined by φ(R1, . . . , Rk, R
′
1, . . . , R

′
k) when the relational free

variables are interpreted as relations of degree less than or equal to d. Given an

S-structure A, we define a relation

φA,d ⊆ (Ar1 × · · · ×Ark)
2
,

where ri is the arity of Ri, 0 ≤ i ≤ k, as

φA,d = {((R1, . . . ,Rk), (R′1, . . . ,R
′
k)) ⊆ (Ar1 × · · · ×Ark)

2 |

(A,R1, . . . ,Rk,R
′
1, . . . ,R

′
k) |= φ(R1, . . . , Rk, R

′
1, . . . , R

′
k)

and each Ri and R′i has Gaifman degree less than or equal to d}.

We define the satisfiability relation for transitive closure formulas as:

(A,X,X′) |= [TCdR1,...,Rk,R′1,...,R
′
k
φ(R1, . . . , Rk, R

′
1, . . . , R

′
k)](X,X ′)

iff

X,X′ ∈ cl(φA),

where cl(ΦA) is the transitive closure of φA.
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BDSO(pos TC) is the fragment of BDSO(TC) where the TCd operator does

not occur in the scope of negation.

In the following, we will show some results about BDSO(TC). They will be

used later to show that formulas of BDSO(TC) can be put in a specific form.

The next two lemmas show how to eliminate existential and universal quan-

tification of formulas with the TCd operator. We use the symbols ∅ and A to

represent the empty relation and the total relation, regardless of the arity.

Lemma 4.10

∃dY [TCd
′

R,R′
φ(R,R′, Y )](X,X ′)

≡

[TCd
′′

P,Y,R,P ′,Y ′,R′
φ′(P, Y,R, P ′, Y ′, R′, X,X ′)](∅, ∅, ∅, ∅, ∅, ∅)

where d′′ = max{d, d′} and

φ′(P, Y,R, P ′, Y ′, R′, X,X ′) =



ψd′(Y ) ∧
∧
Xi∈X ψd(Xi)∧

ψd′(Y
′) ∧

∧
X′i∈X′

ψd(X
′
i)∧

(P = ∅ ∧ P ′ = A ∧ Y = ∅ ∧R = ∅ ∧R′ = X)∨
(φ(R,R′, Y ) ∧ P = A ∧ P ′ = A ∧ Y = Y ′)∨
(P = A ∧ P ′ = ∅ ∧ Y ′ = ∅ ∧R = X ′ ∧R′ = ∅).

Proof. Let A be a structure and X and X′ be tuples of relations which interpret

X and X ′. We have

(A,X,X′) |= [TCd
′′

P,Y,R,P ′,Y ′,R′
φ′(P, Y,R, P ′, Y ′, R′, X,X ′)](∅, ∅, ∅, ∅, ∅, ∅)

iff

((∅, ∅, ∅), (∅, ∅, ∅)) ∈ cl(φ(A,X,X′),d′′)

iff there is a Y of degree d which interpret Y such that

((∅, ∅, ∅), (A,Y,X)) ∈ φ′(A,X,X′),d
′′

and

((A,Y,X), (A,Y,X′)) ∈ cl(φ′(A,X,X′),d
′′
)
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and

((A,Y,X′), (∅, ∅, ∅)) ∈ φ′(A,X,X′),d
′′

iff there is a Y of degree d which interpret Y such that

(X,X′) ∈ cl(φ(A,X,X′,Y),d′)

iff

(A,X,X′) |= ∃dY [TCd
′

R,R′
φ(R,R′, Y )](X,X ′).

For the case of universal quantification, we need the following definition.

Definition 4.14 (X ≤dk X′) Let A be a set of cardinality m and < an order

relation on A. Let <k be the lexicographic order on k-tuples of elements in A

induced by <. Given a set X we define a binary string sX of size mk which

has a 1 in position i iff the i-th tuple of Ak with respect to <k belongs to X.

Let n(s) be the natural number represented by the string s in binary code. Let

X and X′ be k-ary relations on A. We define a linear order ≤k between k-ary

relations on A as

X ≤k X′

iff

n(sX) ≤ n(sX′).

We define the relation ≤dk as an order relation between k-ary relations of degree

at most d as:

X ≤dk X′

iff

X and X ′ have Gaifman degree at most d and n(sX) ≤ n(sX′).

We denote by succk(X,X′) and succdk(X,X′) the successor relation with respect

to ≤k and ≤dk, respectively.

Lemma 4.11 The relations ≤k, ≤dk, succk and succdk can be defined in BDSO.

Proof. The following formula defines the linear order relations ≤k and ≤dk from

Definition 4.14:

X ≤k X ′ = ∃x∀y(x < y → (Xy ↔ X ′y) ∧ y ≤ x→ (Xx→ X ′x)),
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X ≤dk X ′ = φd(X) ∧ φd(X ′) ∧X ≤k X ′,

where φd(X) is the formula from Lemma 4.3 which says that the relation X has

Gaifman degree at most d. The relations succk and succdk can be defined as:

succk(X,X ′) = ∀Y (Y ≤k X ′ ∧ Y 6= X ′ → Y ≤k X),

succdk(X,X ′) = ∀Y (Y ≤dk X ′ ∧ Y 6= X ′ → Y ≤dk X).

Lemma 4.12

∀dY [TCd
′

R,R′
φ(R,R′, Y )](X,X ′)

≡

[TCd
′′

Y,R,Y ′,R′
φ′(Y,R, Y ′, R′, X,X ′)](∅, X,A,X ′)

where d′′ = max{d, d′} and

φ′(Y,R, Y ′, R′, X,X ′) =



ψd′(Y ) ∧
∧
Xi∈X ψd(Xi)∧

ψd′(Y
′) ∧

∧
X′i∈X′

ψd(X
′
i)∧∧

X′i∈X′
ψd(X

′
i)∧

(φ(R,R′, Y ) ∧ Y = Y ′)∨
succdk(Y, Y ′) ∧R = X ∧R′ = X ′.

Proof. Let A be a structure and X and X′ be tuples of relations which interpret

X and X ′. We have

(A,X,X′) |= [TCd
Y,R,Y ′,R′

φ′(Y,R, Y ′, R′, X,X ′)](∅, X,A,X ′)

iff

((∅,X), (A,X′)) ∈ cl(φ′(A,X,X′),d
′′
)

iff, for all Y of degree d which interpret Y ,

((Y,X), (Y,X′)) ∈ cl(φ′(A,X,X′),d
′′
)

iff, for all Y which interpret Y ,

(X,X′) ∈ cl(φ((A,X,X′,Y),d′)
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iff

(A,X,X′) |= ∀dY [TCd
′

R,R′
φ(R,R′, Y )](X,X ′).

From the lemmas above we have the following.

Theorem 4.5 Each formula of BDSO(pos TC) is equivalent to one where the

TCd operator does not appear in the scope of any connective or quantifier.

Proof. It follows by induction on formulas of BDSO(pos TC). For the cases of

conjunction and disjunction, it is sufficient to see that

φ ∧ [TCd
R,R′

ψ](X,X ′) ≡ [TCd
R,R′

φ ∧ ψ](X,X ′)

and

φ ∨ [TCd
R,R′

ψ](X,X ′) ≡ [TCd
R,R′

φ ∨ ψ](X,X ′)

with the appropriate renaming of bounded variables in order to avoid undesir-

able bind of free variables in φ. For the case of quantifiers, it is sufficient to

apply the Lemmas 4.10 and 4.12.

In the following, we will proof some theorems about the expressive power of

BDSO(TC). We will see that BDSO(TC) is closely connected with the use of

linearly many registers in a NRAM.

Definition 4.15 (SLIN) The class SLIN is the class of queries over unary

structures which can be computed in an NRAM using a number of registers

linear in the cardinality of the structures and whose values stored in the registers

during the computation is bounded by a linear function in the cardinality of the

input structure.

Lemma 4.13 Any sentence of BDSO can be evaluated deterministically on a

unary structure using a RAM which uses linearly many registers and each reg-

ister stores a value which is linear on the cardinality of the structure.

Proof. To evaluate a formula of the form ∀dXφ it is sufficient to generate all

possible values of X and check one by one if all off them satisfy φ. Since X

ranges over bounded-degree relations of degree d, we only need linearly many

registers to store X. After checking the formula φ for some value of X, we reuse

the space used to store the current value of X to store the next value of X.
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Similarly, to evaluate a formula of the type ∃dXφ we just need to generate the

bounded-degree relations of degree d and check one by one if some satisfies the

formula φ.

Theorem 4.6 Each sentence of BDSO(pos TC) on a unary functional symbol

set defines a query in SLIN.

Proof. The strategy is similar to the one used to prove that FO(TC) ⊆
SPACE[logn] [Imm99]. Let φ be a formula in BDSO(pos TC) on a unary func-

tional symbol set S. Let R and R′ be tuples of relation variables as in Definition

4.15. It is sufficient to show how to evaluate a formula of the type

φ = [TCd
R,R′

ψ(R,R′)](X,X ′).

Let A be an S-structure and X,X′ be interpretations for the relations in X,X ′.

By Definition 4.13, we have:

(A,X,X′) |= [TCd
R,R′

ψ(R,R′)](X,X ′)

iff

(X,X′) ∈ cl(ψA).

(X,X′) ∈ cl(ψA) iff X′ can be reached from X using transitions in ψA,d. To

check this we proceed in the following way. We existentially guess a tuple of

relations X′′ that interprets X ′. Then we check if (X,X′′) ∈ ψA,d by evaluating

(A,X,X′′) |= ψ(R,R′).

and check if X′′ is equal to X′′. If so, then there is a path between X and X′.

If not, then we substitute X′′ for X and existentially guess another relation X′′

and repeat the process. If there is a path between X and X′, we will eventually

reach a X′′ which is equal to X′. During this process, we do not need to store

the entire path, but just check each possible step in a path from X to X′ as

described above. Hence we just have to store tree relations at a time, which can

be stored using linearly many registers.

Theorem 4.7 If a class of unordered unary structures is in SLIN then it can

be expressed in BDSO(pos TC).

Proof. Without loss of generality we can suppose that the structures are
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equipped with an order relation < since we can state the existence of a lin-

ear order relation with a BDSO formula. We can also suppose the existence

of a constant max for the greatest element with respect to this order relation.

Let C be a class of unary S-structures in SLIN for some functional symbol set

S = {f0, . . . , fl}. There is a program P = I(1), I(2), . . . , I(h) for a NRAM that

uses linearly many registers and each register stores a value which is linear in

the cardinality of the input structure. Let us say that the number of registers

used is bounded by cm and the values stored in the registers is bounded by c′m,

where m is the cardinality of the structure. We can use tuples of elements of

the structure to represent the value of the registers. We use a pair of elements

rr′ to represent a register and a pair of elements vv′ which represent the value

of a register. Hence we can represent the state of linearly many registers using

relations of linear size. Let R be a 4-ary relation symbol. A tuple (rr′vv′) be-

longs to R iff vv′ represents the value stored in the register represented by rr′.

The register represented by rr′ is the register Rk iff rr′ is the k-th element with

respect to the lexicographical ordering induced by <. The relation R will hold

the values of the first cm registers. This can be stated with the formula

α(R) = ∃vv′R(c− 1) max vv′ ∧

∀rr′(rr′ ≤ (c− 1) max→ ¬∃vv′Rrr′vv′) ∧

∀rr′(∃vv′Rrr′vv′ → ∀ss′(ss′ <2 rr′ → ∃ww′Rss′vv′)) ∧

∀rr′vv′ww′(Rrr′vv′ ∧Rrr′ww′ → vv′ = ww′).

We use a monadic relation I which is a singleton which stores an element which

represents the next instruction to be executed on the configuration R. This can

be stated with the formula

β(I) = ∃xI(x) ∧ ∀xy(I(x) ∧ I(y)→ (x = y ∧ x < h)),

where h is the number of instructions in P .

We will write a formula φ(I,R, I ′, R′) that is satisfied iff R′ is the configuration

of the registers after executing the instruction I and I ′ is the next instruction to

be executed. We will write a formula φj(I,R, I
′, R′) for each 1 ≤ j ≤ h which

is true iff R′ is the state of the registers after executing instruction I(j). The
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formula φ(I,R, I ′, R′) can be defined as

φ(I,R, I ′, R′) = α(R) ∧ α(R′) ∧ β(I) ∧ β(I ′) ∧
∧

1≤j≤h

I(j)→ φj(I,R, I
′, R′).

For the sake of simplicity, we will consider only instructions involving registers.

Accumulators can be treated similarly. In the following, we denote by xy = k

a first-order formula which say that xy is the k-th element in the lexicographic

ordering. We will write below the formula φj for each type of instruction:

1. I(j) = Ri := k;

φj = ∀rr′(rr′ 6= i→ ∀vv′(Rrr′vv′ ↔ R′rr′vv′)) ∧

∃rr′vv′(rr′ = i ∧ vv′ = k ∧R′rr′vv′) ∧

∃cc′(I(c) ∧ succ(c, c′) ∧ ∀x(I ′(x)↔ x = c′)).

2. I(j) = Ri := Rk;

φj = ∀rr′(rr′ 6= i→ ∀vv′(Rrr′vv′ ↔ R′rr′vv′)) ∧

∃rr′ss′vv′(rr′ = i ∧ ss′ = k ∧Rss′vv′ ∧R′rr′vv′) ∧

∃cc′(I(c) ∧ succ(c, c′) ∧ ∀x(I ′(x)↔ x = c′)).

3. I(j) = Ri := Rk + 1;

φj = ∀rr′(rr′ 6= i→ ∀vv′(Rrr′vv′ ↔ R′rr′vv′)) ∧

∃rr′vv′ss′ww′(ss′ = k ∧Rss′ww′ ∧ succ2(ww′, vv′) ∧

rr′ = i ∧R′ss′vv′) ∧

∃cc′(I(c) ∧ succ(c, c′) ∧ ∀x(I ′(x)↔ x = c′)).

4. I(j) = Ri := Rk−̇1;

φj = ∀rr′(rr′ 6= i→ ∀vv′(Rrr′vv′ ↔ R′rr′vv′)) ∧

∃rr′vv′ss′ww′(ss′ = k ∧Rss′ww′ ∧ rr′ = i ∧

(succ2(vv′ww′) ∨ ¬succ2(vv′ww′) ∧ vv′ = 0) ∧R′rr′vv′) ∧

∃cc′(I(c) ∧ succ2(c, c′) ∧ ∀x(I ′(x)↔ x = c′)).
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5. I(j) = Ri := RRk
;

φj = ∀rr′(rr′ 6= i→ ∀vv′(Rrr′vv′ ↔ R′rr′vv′)) ∧

∃rr′vv′ss′ww′(rr′ = i ∧ ss′ = k ∧

Rss′ww′ ∧Rww′vv′ ∧R′rr′vv′) ∧

∃cc′(I(c) ∧ succ(c, c′) ∧ ∀x(I ′(x)↔ x = c′)).

6. I(j) = RRk
:= Ri;

φj = ∃rr′vv′(rr′ = k ∧Rrr′vv′ ∧

∀ss′ww′(ss′ 6= vv′ → Rss′ww′ ↔ R′ss′ww′)) ∧

∃rr′vv′(rr′ = k ∧Rrr′vv′ ∧

∃ss′ww′(ss′ = i ∧Rss′ww′ ∧R′vv′ww′)) ∧

∃cc′(I(c) ∧ succ(c, c′) ∧ ∀x(I ′(x)↔ x = c′)).

7. I(j) = guess (Ri);

φj = ∀rr′(rr′ 6= i→ ∀vv′(Rrr′vv′ ↔ R′rr′vv′)) ∧

∃rr′(rr′ 6= i ∧ ∃ss′vv′(Rss′vv′ ∧Rrr′vv′) ∧

∃cc′(I(c) ∧ succ(c, c′) ∧ ∀x(I ′(x)↔ x = c′)).

8. I(j) = goto I(i0) or I(i1);

φj = ∀rr′vv′(Rrr′vv′ ↔ R′rr′vv′) ∧

∀x(I ′(x)↔ x = i0) ∨ ∀x(I ′(x)↔ x = i1).

9. I(j) = if Xi = Xk then goto I(i0) else goto I(i1);

φj = ∀rr′vv′(Rrr′vv′ ↔ R′rr′vv′) ∧

∃rr′vv′ss′ww′(Rrr′vv′ ∧ rr′ = i ∧Rss′ww′ ∧ ss′ = k ∧

(vv′ = ww′ → ∀x(I ′(x)↔ x = i0)) ∧

(vv′ 6= ww′ → ∀x(I ′(x)↔ x = i1))).
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10. I(j) = accept;

φj = ∀rr′vv′(Rrr′vv′ ↔ R′rr′vv′) ∧

∃cc′(I(c) ∧ succ(c, c′) ∧ ∀x(I ′(x)↔ x = c′)).

11. I(j) = reject;

φj = ∀rr′vv′(Rrr′vv′ ↔ R′rr′vv′) ∧

∃cc′(I(c) ∧ succ(c, c′) ∧ ∀x(I ′(x)↔ x = c′)).

We will define now a formula ψ(I,R) which says that I,R is the initial config-

uration of a RAM that receives an S-structure A as input:

ψ(I,R) = ∀x(I(x)↔ x = 0) ∧
∧

1≤i≤l

∀xRix0fix

Let a1, . . . , ac be the numbers of the lines in the program P which hold an accept

instruction. The following formula says that I,R is and accepting configuration:

ACC(I) =
∨

1≤i≤c

I(i)

As we saw in Section 4.4, relations of linear size can be replaced with relations

of bounded degree. Hence, instead of using a 4-ary relation R of linear size,

we can use a tuple of bounded-degree relations R of degree d for some d to

codify the state of the registers. And there is a formula φ′(I,R, I ′, R′) similar

to φ(I,R, I ′R′) that says that I,R and I ′, R′ are consecutive configurations of

an NRAM that decides C and a formula ψ′(I,R) which says that I,R is the

initial configuration of the RAM. The formula

Φ = ∃dI0R0IFR′F (ψ′(I0, R0) ∧ACC(IF ) ∧

[TCd
I,R,I′,R

′φ′(I,R, I ′, R′)](I0, R0, IF , RF ))

expresses C.

It remains to show that BDSO(TC) = BDSO(pos TC).

Theorem 4.8 BDSO(TC) = BDSO(pos TC).



CHAPTER 4. BOUNDED-DEGREE SO 121

Proof. The proof is similar to the one used to prove that FO(TC) = FO(pos

TC) (see, for instance, [Imm99]). We just have to show how to eliminate nega-

tions in front of transitive closure formulas. We will show the proof for the

case

¬[TCdR,R′φ(R,R′)](X,Y ),

where R,R′, X and Y are k-ary relations. The proof for the general case is

similar.

We write formulas DIST (X,Y,D) which says that there is a path of size at most

D through φA,d transitions from X to Y and NDIST (X,Y,D,M) which says

that there are at least M relations different from X whose distance to Y is at

most D (D and M regarded as the numbers which correspond to their positions

in the ordering ≤k of Definition 4.14). When M is the number of relations

whose distance to Y is at most D, then NDIST (X,Y,D,M) is equivalent to

¬[TCdR,R′φ(R,R′)](X,Y ). The formula DIST (X,Y,D) can be written as (see

[Imm99]):

DIST (X,Y,D) = [TCdR,C,R′,C′succ
d
k(C,C ′) ∧ (φ(R,R′) ∨R = R′)](Y, ∅, X,D).

Now let us define NDIST (X,Y,D,M). First, let β(R,C,R′, C ′) be the follow-

ing formula:

β(R,C,R′, C ′) = X 6= Y ∧ succdk(R,R′) ∧

(c = c′ ∨ (succdk(C,C ′) ∧DIST (R′, Y,D) ∧R′ 6= X)).

This formula says that, if there are C relations different from X less than or

equal to R from which Y can be reached in at most D steps, then either Y is

reachable from R′ in D steps and there are C + 1 relations less than or equal to

R′ different from X from which Y can be reached in at most D or there are C

relations less than or equal to R′ from which Y can be reached in D steps. The

formula NDIST (X,Y,D,M) can be defined as:

NDIST (X,Y,D,M) = [TCdR,C,R′,C′β(R,C,R′, C ′)](∅, 1, A,M).

We use the formulas DIST and NDIST to write an equivalent to

¬[TCdR,R′φ(R,R′)](X,Y )
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without using negated transitive closure operators.

Let δ(d,m, d′,m′) be the formula

δ(D,M,D′,M ′) = succdk(D,D′) ∧ [TCdR,C,R′,C′γ(R,C,R′, C ′)](∅, 1, A,M ′)

where

γ(R,C,R′, C ′) = succdk(R,R′) ∧ ((succdk(C,C ′) ∧DIST (R′, Y,D′)) ∨

(C = C ′ ∧ ∀dZ(NDIST (Z, Y,D,M) ∨

(Z 6= R′ ∧ ¬φ(R,R′))))).

The formula

[TCdD,M,D′,M ′δ(D,M,D′,M ′)](∅, 1, A,M)

is satisfied iff M is the number of relations from which Y can be reached. Then

we have:

¬[TCdR,R′φ(R,R′)](X,Y )

≡

∃M([TCdD,M,D′,M ′δ(D,M,D′,M ′)](∅, 1, A,M) ∧NDIST (X,Y,A,M)).

Corollary 4.2 BDSO(TC) = BDSO(pos TC).

Corollary 4.3 BDSO(TC) captures SLIN.

4.6 Conclusions

In this chapter we studied the descriptive complexity of a restriction of second-

order logic where quantifiers range over relations of bounded degree. In Section

4.2 we study the descriptive complexity of MSO(f), the fragment of SO where

unary functions are quantified. Based on previous work from Grandjean and

Olive [GO98], we showed that MSO(f) captures the class ALIN of sets of unary

structures which can be accepted by a ARAM in linear alternating time with

bounded number of alternations.

In Section 4.3, we define the BDSO logic. We defined three concepts of degree

and showed that they are equivalent. We showed that the degree hierarchy
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collapses, since any formula of BDSO can be written with quantification of

relations of simple degree at most 1.

In Section 4.4, we proved that quantification of bounded degree relations is

equivalent to quantification of relations of linear size and functions. Although

∃MSO(f) be more expressive than ∃BDSO, the equivalence holds for the entire

logics, considering both existential and universal quantification. It follows that

any formula from BDSO can be written using only quantification of binary

relations of simple degree 1. Based on results from Schwentick et al. [DLS98],

we showed that BDSO captures ALIN.

In Section 4.5, we extend BDSO with the transitive closure operator. We

showed that BDSO(TC) captures the class SLIN of classes of unary structures

that are accepted by an NRAM using linearly many registers provided that

registers hold values which are linear in the cardinality of the input structure.



Chapter 5

Conclusions

In this work we investigated the model theory of logics whose semantics differ

from the classical approach either by considering relations between models or

by restricting models to finite structures. We studied preferential logics, which

use the concept of minimal model induced by binary relations between models

to define nonmonotonic consequence relations. We investigated the finite model

theory of hybrid logic with respect to the expressibility of graph properties in

PH and the descriptive complexity of the BDSO and BDSO(TC) logics.

In Chapter 2 we investigated the model theory of classes of preferential logics,

introduced by Shoham in [Sho87], using the approach of abstract model theory.

We extended the concept of abstract logic to include a preference relation. It

allows us to define nonmonotonic consequence relations by using the concept

of minimal models. Our objective was to generalize some results presented in

[FM11b] for Circumscription to classes of elementary preferential logics. In

Section 2.2, we set up the framework on which we proved our results. We

defined the concept of definable preferential logic and elementary preferential

logic, whose preferential relation is defined in first-order logic. We also made

some assumptions on the nature of the satisfiability relation in Definition 2.7

since we worked with structures as models. In Section 2.3 we gave some examples

of elementary preferential logics. We showed that McCarthy’s Circumscription

and Reiter’s Default Logic with normal default rules without precondition are

elementary preferential logics. That is, they can be presented as preferential

logics whose preference relation can be defined by a first-order formula. We are

interested in the expressiveness of elementary preferential logics with respect

to the expressibility of classes of minimal models. Are there classes of minimal

124
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models of sets of sentences of some elementary preferential logic L′ = (L,≺)

which cannot be expressed in L? The answer is positive, since there are classes of

minimal models of first-order sentences which cannot be expressed in first-order

logic, even if one uses infinite theories, as shown by Schlipf [Sch87]. In Section

2.4 we showed that in the case the class of minimal models of a finite theory

of any EPL L′ is L-∆-expressible, then it is L-expressible, that is if it can be

axiomatized in L, which means that it can be expressed without the necessity of

considering minimal models, then it is finitely axiomatizable. Our assumptions

are that the abstract logic L has some good properties, like compactness and

relativization. In Section 2.5 we used the result of the previous section to solve

a problem of definability of symbols of the language. We showed that when

some symbol, say P , is defined in the class of minimal models of a finite set of

sentences in L′ and such class is axiomatizable in L, then not only such class is

finitely axiomatizable, but it admits a very specific axiomatization, namely, the

initial set of sentences plus an explicit definition for the symbol P .

In Chapter 3 we studied the finite model theory of hybrid logic. In [BS09],

Benevides e Schechter show formulas in hybrid logic that express some problems

in NP for graphs of limited size. That is, for each natural number n they present

a formula that express some problem in NP, like hamiltonicity, for graphs of

size n. In this way, they can reduce those problems to the problem of model

checking for those formulas. Is that possible for any graph property in NP?

Actually, we can do this for any graph property even in a very restrict fragment

of hybrid logic. That is because it is possible to describe any graph up to

isomorphism, with respect to frame definability, using just ♦, @ and nominals,

as we showed in Section 3.3. The size of the formulas obtained is exponential

in n and, of course, there is no hope that those formulas forms a recursive set.

However, we can show that, for problems in the Polynomial Hierarchy, there are

formulas of polynomial size and which can be easily generated. From Fagin’s

Theorem it follows that PH is captured by Second-Order Logic. That is, for

each graph property in PH there is an SO-formula which express exactly this

property. Using this SO-formula we constructed for each n a formula of full

hybrid logic which is valid only in those frames which correspond to graphs

which has the desired property. These formulas have size polynomial in n and

can be easily generated from the SO-formula. Full hybrid logic has the same

expressive power as first-order logic. That is because we can simulate first-order

quantification using the binder ↓ x. and the global modalities E and A. If we

consider only connected frames with loops, we do not need the global modalities
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or nominals. In Section 3.5 we showed that for any graph property in PH on

connected graphs with loops there are formulas of hybrid logic without global

modalities or nominals which express that property for graphs of size n and

whose size is bounded by a polynomial in n. Using the results of the previous

sections, we showed in Section 3.6 an alternative proof of the NP-hardness of

the model-checking problem for the fragment FHL\ ↓ � ↓.
In Chapter 4 we investigated the descriptive complexity of the restriction

of second-order logic where second-order quantifiers range only over relations

of bounded degree. In [DLS98] Schwentick et al. studied the expressiveness

of several kinds of existential quantification over binary relations. They divide

the fragments of SO defined by those quantifiers in four groups, as listed in

Section 4.4. They are concerned only with the existential fragment over binary

relations. Each group corresponds to a level of expressiveness and strictly con-

tains the groups below. Among those types of quantification is the existential

quantification of binary relations of bounded Gaifman degree. Another kind of

quantification studied by Schwentick is the existential quantification of unary

functions. The second-order existential formulas constructed with the quanti-

fier ∃G,d, which quantifies bounded-degree relations, over binary relations have

equivalent using the quantifier ∃f which quantifies function, but the contrary

does not hold [DLS98]. In Section 4.4 we gave a proof that the logics BDSO

and MSO(f) are equivalent. Beside this, the arity of relations does not play a

role. In fact, one can consider only quantification of binary relations of bounded

degree since the arity hierarchy collapses, as we showed in Theorem 4.3. We

are interested in the descriptive complexity of BDSO. In [GO98], Grandjean

and Olive showed that a subset of the existential fragment of MSO(f) captures

linear time on ordered unary structures. Based in the work of Grandjean and

Olive and Schwentick et al., we showed that BDSO captures the class ALIN of

linear alternating time over (unordered) unary structures. In Section 4.5, we

introduced the logic BDSO(TC) that extends BDSO with the transitive closure

operator on high-order relations over relations of bounded degree, that is, rela-

tions of relations of bounded degree. We showed that it capture the class SLIN

of problems that can be solved by an NRAM using linear number of registers

and provided that values stored in the registers are linear in the cardinality of

the input.
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