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ABSTRACT

A new method for estimating nonlinear instantaneous channels
in a multiuser Code Division Multiple Access (CDMA) environment
is presented in this paper. This kind of nonlinear models has impor
tant applications in the field of telecommunications, e.g. to model
uplink channels in Radio Over Fiber multiuser communication sys
tems. The proposed technique is based on the decomposition of a
tensor composed of covariances of the chip-rate sampled received
signals, the transmitted signals being assumed to be Phase Shift Key
ing (PSK) modulated. The considered tensor-based approach allows
a great flexibility on the number of antennas and the spreading factor,
which is particularly desirable when identifying nonlinear systems.
Two blind channel estimation algorithms are considered: the Alter
nating Least Squares (ALS) algorithm and a non-iterative algorithm
based on Eigenvalue Decompositions (EVD). The performance of
the proposed estimation algorithms is illustrated by means of com
puter simulations.

1. INTRODUCTION

A blind estimation method for nonlinear instantaneous communica
tion channels in multiuser Code Division Multiple Access (CDMA)
systems is proposed in this paper. This method is based on a tenso
rial approach and exploits the use of second-order statistics of the re
ceived signals, with Phase Shift Keying (PSK) modulated transmit
ted signals. The channel is modeled as an instantaneous Multiple
Input-Multiple-Output (MIMO) VoltetTa filter (multiuser Volterra
system). This kind of nonlinear models has important applications in
the field of telecommunications, e.g. to model uplink channels in Ra
dio Over Fiber (ROF) multiuser communication systems [1,2]. The
ROF links have found a new important application in microcellular
wireless networks. In such systems, the uplink transmission is done
from a mobile station towards a Radio Access Point, the transmit
ted signals being converted in optical frequencies by a laser diode
and then retransmitted through optical fibers. Important nonlinear
distortions are introduced by the electrical-optical (E/O) conversion
[1, 3, 4]. When the length of the optical fiber is short (few kilome
ters) and the radio frequency has an order of GHz, the dispersion of
the fiber is negligible [5]. In this case, the nonlinear distortion aris
ing from the EIO conversion process becomes preponderant [1, 3, 4].
Moreover, up to several Mbps, the ROF channel can be considered as
a memoryless link [3]. Thus, the channel is composed of a wireless
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link, which can be modeled as a linear instantaneous mixture, fol
lowed by an electrical-optical (E/O) conversion, modeled as a mem
oryless nonlinearity. The overall channel can then be viewed as an
instantaneous MIMO Wiener filter, consisting in a particular case of
MIMO Volterra filters.

There are few works dealing with the problem of blind channel
estimation or source separation in the context of multiuser nonlinear
communication channels. Reference [6] proposes a blind zero forc
ing receiver for multiuser CDMA systems with nonlinear channels
and [7] develops blind and semi-blind source separation algorithms
for memoryless Volterra channels in ultra-wide-band systems.

The proposed channel identification method relies on the Par
allel Factor (PARAFAC) decomposition [8,9, 10] of a tensor com
posed of covariances of the chip-rate sampled signals received by
an antenna array. A great advantage of this method is that it allows
working with weak uniqueness conditions compared with previous
works [2,6, 11, 12], which require that the number of channel out
puts be greater than the number of nonlinear terms, i.e. the number
of Volterra filter parameters. Indeed, the proposed tensor-based al
gorithms provide a great flexibility on the number of antennas and
the spreading factor, which is particularly desirable when identifying
Volterra systems. Moreover, PARAFAC decomposition avoids the
need of a pre-whitening step, an operation that increases the compu
tational complexity and may degrade the channel estimation.

The PARAFAC decomposition is first carried out by a two-steps
version of the Alternating Least Squares (ALS) algorithm [9]. How
ever, as the ALS algorithm may need many iterations to achieve the
convergence, a non-iterative estimation method based on Eigenvalue
Decompositions (EVD) is also proposed, allowing for a weaker iden
tifiability condition, which leads to relaxed restrictions on the num
ber of receive antennas.

The rest of this paper is organized as follows. In Section 2, the
nonlinear CDMA channel model used in this work is introduced. In
Section 3, the chip-level covariance matrices of the received signals
are characterized. In Section 4, a tensor composed of these covari
ances is defined. In Section 5, the blind channel estimation algo
rithms are presented. In Section 6, the performance of the proposed
estimation algorithms is evaluated by means of computer simula
tions and Section 7 draws some conclusions and perspectives.

2. THE CDMA SYSTEM WITH NONLINEAR CHANNEL

The information signal St (n) of the tth user (1 ~ t ~ T) is upsam
pled and multiplied by the spreading code Ct (p) before transmission,
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leading to

Ut (n, p) == Ct(p)St(n), (1)

for some non negative integers Ot and (3t verifying ~:=1 Ot == k+ 1

and ~;=1 (3t == k, with 0 :S Ot :S K + 1 and 0 ::; f3t ::; K.
Substituting (1) into (4), we get

k+1 2k+1
h~~)+1(t1, ... ,t2k+1)IIUti(n,p) II Uti*(n,p)

i=1 i=k+2

for p == 1, ... , P, where T is the number of users, P is the length of
the spreading code and Ut (n, p) is the spread signal transmitted by
user t at time instant n and chip p. The signal St (n) (1 :S t :S T)
is assumed to be stationary, PSK modulated and independent from

St' (n), for t =I- t'. It is also assumed that the spreading codes Ct (p)
have an unitary modulus, leading to transmitted signals Ut (n, p) with
constant modulus.

The discrete-time baseband equivalent model of the nonlinear
communication channel is assumed to be expressed as a multiuser
Volterra model:

Let us define C == [C1'" Cp]T E C PxQ as the nonlin
ear code matrix, i.e. the matrix containing the products of codes
given in (6), where cp == [Cp,1 ... Cp,Q]T E cQx l, and s(n) ==
[Sn,1 ... Sn,Q]T E CQX1 as the vector containing the products of
information signals St (n) given in (7). So, equation (5) can be ex
pressed in a vector form as:

(5)

(7)

(6)
T

Cp,q == II [Ct(p)]Ot [Ct(p)*]f3t ,
t=1

T

Sn,q == II [St(n)]Ot [St(n)*]f3t .
t=1

where

and

T T

L L
t2k+l =t2k

I
v

tk+2 ,... ,t2k+l :;itl , ... ,tk+l

f< T T

Yr(n,p) == L L ... L
k=O t l =1 tk+l =tk

Let us define the spatio-temporal covariance matrices of the chip-rate
sampled received signals y(n, p) as:

where diagp ['] denotes the diagonal matrix formed from the pth row
of the matrix argument. Finally, substituting (8) into (3), we get

Ru(d,pl, P2) == E [ii(n + d,pt)iiH(n, P2)]

= diagp1 [C] R.(d)diagp2 [C*] E C QxQ
, (11)

(9)

(8)

(10)

E [yen + d,pl)yH (n,P2)]

HRu (d,pl,p2)HH E C RXR ,

ii(n,p) = diagp [c] sen),

y(n,p) = Hdiagp [c] sen) + v(n,p).

3. COVARIANCE MATRICES OF THE RECEIVED
SIGNALS

with

where Yr (n, p) (1 :S r :S R) is the chip rate sampled signal received
by antenna r at time instant n and chip p, R is the number of re
ceive antennas, (2K + 1) is the nonlinearity order of the model,

h~~)+1 (t1, ... , t2k+1) are the kernel coefficients of the r th sub
channel and V r (n, p) is the Additive White Gaussian Noise (AWGN)
at antenna r. It is assumed that the noise components V r ( n, p) are
zero mean, independent from each other and from the transmitted
signals Ut (n, p).

This channel model is the most generic representation of
complex-valued memoryless Volterra filters with constant modulus
input signals. The nonlinear terms corresponding to ti == t j, for all
i E {I, ... , k + I} andj E {k + 2, ... , 2k + I}, are absent in (2) due
to the fact that, for constant modulus signals, the term IUt (n, p) 1

2

reduces to a multiplicative constant that can be absorbed by the asso
ciated channel coefficient. As a consequence, some nonlinear terms
degenerate in smaller order terms. Besides, the model includes only
odd-order kernels with one more non-conjugated term than conju
gated term, as the other nonlinear combinations of input signals gen
erate distortions producing spectral components lying outside of the
channel bandwidth, which are eliminated by bandpass filters [13].

Equation (2) can be expressed in a vector form as:

+vr(n,p), (2)

where y(n,p) == [Yl(n,p) YR(n,p)]T E CRX1 is the received
signal vector, H == [h1 hR]T E C RxQ is the channel ma-
trix, with hr == [hr,1 hr,2 ... hr,Q]T E CQx1 containing the

Volterra kernel coefficients h~~+1 (t1, ... , t2k+1) of the r th sub
channel and Q being the dimension of each vector hr , v(n, p) ==
[v1(n,p) vR(n,p)]T E C RX1 is the noise vector and ii(n,p) ==
[ul(n,p) uQ(n,p)]T E CQX1 is the nonlinear input vector
formed from the spread signals. This vector contains all the linear
and nonlinear terms in Ut (n, p) and u; (n, p) of (2).

The elements of the nonlinear input vector ii(n, p) associated
with the (2k + l)th order kernel, can be written as:

where 0 ::; d ::; D - 1, D is the number of delays (covariance
matrices) taken into account and

The noise covariance matrix is not considered in (10) since it can be
estimated and then subtracted.

In telecommunication systems, the transmitted signals are of
ten assumed to be white. That means that some precoding must be
used to introduce time correlation in the signals, otherwise, the co
variance matrices Rs(d) are null for d =I- O. In [2, 14], we have
developed a precoding scheme that introduces a modulation mem
ory in a controlled way such that the matrices R s (d) are non-null
and diagonal. In other words, the transmitted signals are colored
while keeping the orthogonality between their products. The pre
coding consists in modeling the transmitted signals as Discrete Time

y(n,p) == Hii(n,p) + v(n,p),

T

uq(n,p) == II [ut(n,p)]Ot [u;(n,p)]l3t ,
t=1

(3)

(4)

R.(d) == E [sen + d)SH (n)] E CQXQ
. (12)
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(14)

5. CHANNEL ESTIMATION ALGORITHMS

min(R, Q) + min(P, Q) + min(~, Q) 2: Q + 2. (21)

The main property of the PARAFAC decomposition is its essen
tial uniqueness, assured by the Kruskal theorem [15]. Let us denote
by kA the k-rank of matrix A, i.e. the greatest integer kA such that
every set of kA columns of A is linearly independent. The Kruskal
theorem implies that if:

(20)

(22)

IIR[ll- (Ha oCoZ Oc*) Hrll:

IIR[21 - (c 0 Z 0 C* 0 fIb) H~II:,

2kH + 2kc + kz ~ 2Q + 4,

J

5.1. Two-steps ALS algorithm

The first proposed channel estimation method is a two-steps version
of the Alternating Least Squares (ALS) algorithm [9], each step pro
viding a channel estimate, denoted by Da and Db, corresponding re
spectively to the matrices Hand H*. The channel estimation prob
lem is solved by minimizing the two following least squares cost
functions in an alternate way:

This section presents two blind algorithms to estimate the considered
nonlinear channel. It is worth mentioning that these algorithms do
not require the precoding if the number of used covariance matrices
is set to one (D == 1). In addition, the proposed algorithms are still
valid without the spreading codes [2, 14]. In this case, the precoding
is mandatory.

This uniqueness condition is weaker than that associated with other
estimation methods [2, 6, 11, 12]. The flexibility on the choice of R
and P provided by the Kruskal condition is one of the main advan
tages of using a tensor-based approach. In particular, it is possible to
choose R « Q, which is particularly interesting when identifying
nonlinear systems that are characterized by a high number of param
eters. Moreover, we have to note that the sufficient condition (20)
is not necessary for the uniqueness of the tensor decomposition. In
the next section, we state alternative sufficient conditions when some
matrix factors are known.

then the matrix factors H, H*, C, C* and Z are unique up to col
umn scaling and permutation ambiguities. That means that if any

other set of matrices H', H", C' , C" and Z' satisfy (14), then

H' == HIIAa, H" == H*IIAb, C' == CIIAc , C" == C*IIAd and
Z' == ZIIAe , where A a , A b, Ac , Ad and Ae are diagonal matrices
such that AaAbAcAdAe == IQ and II is a permutation matrix.

Moreover, the matrix C containing the code products is assumed
to be known, as it can be calculated if the codes are known. The ma
trix Z containing the information about the time correlation intro
duced by the precoding scheme, can also be assumed to be known,
as shown in [2, 14]. So, if the Kruskal condition (20) is verified,
we have C' == C, C" == C*, Z' == Z and, hence, II == IQ,
Ac == Ad == Ae == IQ and Ab == A;; 1 == A-1, where A is a

Q x Q diagonal matrix. That gives H' == HA and H" == H* A-1.
The scaling ambiguity does not represent an effective problem, as it
can be removed by a gain control at the receiver or using a few pilot
signals.

Assuming that the matrices H, C and Z are full k-rank, the
Kruskal condition becomes:

(HOCOZOC*)HH
2

R[l] E e RP DXR, (17)

(C0 Z0 C* 0 H*) HT 2
R[2] E e RP DXR, (18)

R[3] (C0 Z0 C*) (H* 0 H)T
p 2DxR2

(19)Ee .

Let us define R E eDxRxRxPxP as the fifth-order tensor com
posed of the covariance matrices R y ( d, P1 , P2) for 0 ~ d ~ D - 1
and 1 ~ P1, P2 ~ P, in such a way that the element (r1, r2) of the
matrix R y (d, P1, P2) is placed at position (d+ 1, r1, r2, P1, P2) of R,
i.e. rd+1,rllr2,PllP2 == [n]d+1,rl,r2,PI,P2 == [Ry(d,p1,P2)]rl,r2'
2D-slices or matrix slices of the tensor n are obtained by fixing
three indices of the tensor and varying the two other ones. For in
stance, the slice matrix Rd+1,o,r2,o,P2 E e RxP is obtained by fixing
the first, third and fifth indices of n respectively to d + 1, r2 and
P2, and by varying the second and fourth indices. Equation (13)
can be viewed as a matrix slice of n for fixed values of d, P1 and
P2. It corresponds to a slice writing of the PARAFAC decomposi
tion [8, 9, 10] of a fifth-order tensor with rank Q and matrix factors
(components) H E e RxQ , C E e PxQ , Z E e DxQ , C* E e PxQ

and H* E e RxQ . So, the scalar writing of R is:

Q

'" h - -* h*r d+1,rl ,r2 ,PI ,P2 == L...J rl ,qCpI ,qZd+1,qCp2 ,q r2,q'
q=l

4. FIFTH-ORDER TENSOR OF COVARIANCES

A tensor can also be organized in unfolded matrices by stacking
all the matrix slices of a given type. For instance, let Ai E eLi X

Q ,

i == 1, ... , 5, be the PARAFAC components of a fifth-order tensor A
of rank Q. A typical unfolded matrix of A E eLl xL2 XL3 xL4 xL5

can be expressed as:

A[l] == (A1 0 A2 0 A3 0 A4) Af E eLIL2L3L4 XL5 , (15)

where 0 denotes the Khatri-Rao (column-wise Kronecker) product.
The matrix A[l] is defined so that the element [ALI ,i2 ,i3,i4,i5 of the
tensor is placed at the position (iIin, is) of A[l]' with ilin == (i1 
1)£2£3£4 + (i2 - 1)£3£4 + (i3 - 1)£4 + i4. Another example of
an unfolded matrix of A is:

A[2] == (A1 oA2 oA3) (A4 OAs)T E eLIL2L3XL4L5. (16)

In this case, the matrix A[2] is defined so that the element
[A]il,i2,i3,i4,i5 of the tensor is placed at the position (iIin, icoI) of
A[2]' with ilin == (i1 - 1)£2£3 + (i2 - 1)£3 + i3 and icol ==
(i4 - l)£s + is. The channel estimation algorithms presented in
the next section are based on the following unfolded matrices of the
tensor R:

Markov Chains (DTMC) and introduces redundancy by expanding
the order of the PSK constellation, which means that the number of
constellation points is higher than the number needed to modulate
the useful data. The diagonality of Rs (d) implies that (10) can be
rewritten as:

R y (d,Pl,P2) = Hdiagp1 [c] diagd+dZjdiagp2 [c*] HH, (13)

where the rows of the matrix Z E CD xQ contain the diagonal el
ements of Rs(d) for 0 ~ d ~ D - 1, i.e. Zd+1,q == [Z]d+1,q ==
[Rs (d)]q,q.

The use of this precoding scheme is not mandatory. Indeed,
if the PSK modulated information signals St (n) are uniformly dis
tributed, the matrix Rs (0) is diagonal [14]. However, the precoding
provides some advantages, by adding time diversity to the transmit
ted signals, which induces a supplementary dimension to the tensor.
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Assuming that the matrices Cand Z are full k-rank, this condition
becomes:

then k(AI o...oAF) == Q and, hence, reAl o ... oA F ) == Q. A sufficient
identifiability condition for the EVD-LS algorithm is therefore given
by

Thus, another advantage of this approach is that it does not im
pose constraint on the number R of antennas, contrarily to the two
steps ALS algorithm and to other methods [2, 6, 11, 12]. For in
stance, for P == 4, T == 3 (Q == 12) and R, D :::; Q, the sufficient
conditions (21) and (30) become respectively: R + ~ 2: 10 and
D 2: 6.

where R[I] and R[2] are the sample estimate of R[I] and R[2] respec

tively, and II . IIF denotes the Frobenius norm. The itth iteration of
the ALS algorithm can be described by the two following steps:

[(
A(it-l) _ -*)t A ]T
H a 0 C 0 Z 0 C R[1]

A (it) [( _ - * A (it») t A ] THa CoZoC oHb R[2] (23)

where the initial values H~O) is chosen as a R x Q Gaussian random
matrix and (.) t denotes the matrix pseudo-inverse. The algorithm it
erates until the convergence of the estimated parameters is achieved.

. • A(it) (A (it»)* d
Three channel estImates can then be obtaIned: H a ,Hb an

" (it) A (it) ..
0.5[Ha + (H b )*], the final channel estImate beIng chosen as the
one providing the smallest value of the cost function (22).

The existence of the left inverse of the matrices (H 0 Co Z 0 C*)
and (C 0 Z 0 C* 0 H*) is assured if the Kruskal condition (20) is
verified. This result is demonstrated in [16] for third-order tensors
and generalized to higher-order tensors in [17].

5.2. EVD-LS algorithm

where AI E ceLfxQ , for f == 1, ... , F. So, if

F

L kAf 2: Q + (F - 1),
1=1

2kc+ kz 2: Q + 2.

2 min(P, Q) + min(D, Q) 2: Q + 2.

(28)

(29)

(30)

(25)

The ALS algorithm is monotonically convergent but it may require a
large number of iterations to converge. In order to avoid this possible
convergence problem, we propose a non-iterative method to estimate
the channel matrix H from the tensor R, by using the unfolded ma
trix (19). In this case, the cost function is written as:

J = IIR[3l - (C 0 Z0 CO) (H* 0 Hfll: ° (24)

The first step of the second proposed channel estimation algo
rithm consists in the least squares (LS) estimation of the matrix

W == (H* oH) E ce R2XQ as:

W= [(C0 Z 0 C*rR[3lr
In the second step, the channel matrix H is estimated from W by

using Q Eigenvalue Decompositions (EVD) as in [18]:

eForq = 1,o.o,Q,constructW(q) = unvec(w. q ) =

unvec (i,(q0 H. q) = H. qH~, where W. qand H. qdenote

the qth column of Wand Hrespectively, and the operator
unvec (.) forms a R x R matrix from its vector argument.

• Calculate H. q as the eigenvector associated with the largest

eigenvalue of W (q).
Remark that the EVD-LS method requires that the following

identifiability condition be satisfied: r (cozoc ... ) == Q, i.e. the ma-

trix (C 0 Z 0 C*) must be full column rank. A sufficient condition
for assuring that the Khatri-Rao product of two matrices is full col
umn rank was established in [10]. This condition can be generalized
to multi Khatri-Rao products by using the following result due to
[19]:

k(AIOA2) 2: min (kAI + k A2 - 1, Q) , (26)

where Al E ceLl xQ and A2 E ce L2 xQ do not contain an all-zero
column. By applying this result F - 1 times, we get [17]:

k(AIo ...oAF ) 2: min (tkAf -(F-l),Q) , (27)
1=1
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6. SIMULATION RESULTS

In this section, the two proposed channel estimation algorithms are
evaluated by means of simulations. A MIMO Wiener model of an
uplink channel of a Radio Over Fiber multiuser communication sys
tem [1, 2] is considered for the simulations. The wireless link is
characterized by a memoryless 3 x 2 linear mixer, with T == 2 users
and R == 3 half-wavelength spaced antennas. The propagation sce
nario is characterized by three multipaths for each user. The Eta
conversion is modeled by the following polynomial CIX + c3lxl 2x,
with Cl == -0.35 and C3 == 1 [1,20]. All the Monte Carlo simulation
results were obtained using N R == 200 independent data realizations
and the modulation of the transmitted signals is 8-PSK. The spread
ing codes are complex exponentials with an unitary modulus and a
phase uniformly distributed over the set [-1f, 1f].

The performance is evaluated in terms of the Normalized Mean
Squared Error (NMSE) of the estimated channel parameters, defined

. NMSE - 1 ",NR II B - HllI} "as. - NR L....iZ=1 ~,where Hz represents the chan-

nel matrix estimated at the lth Monte Carlo simulation.
Figure 1 shows the NMSE versus the number of covariance de

lays (D) provided by the ALS and EVD-LS algorithms for a Signal
to-Noise-Ratio (SNR) of 20dB and P == 1,2,3 and 5. From the
simulation results, we can conclude that the two estimation algo
rithms provide similar performance in most of the cases. The draw
back of the ALS algorithm is that it can take too many iterations
to achieve the convergence, e.g. for P == 1 and P == 2, it needs
approximatively 30 and 11 iterations to converge, respectively.

Figure 2 shows the NMSE versus SNR provided by the EVD
LS algorithm for various values of P and D. In order to provide a
performance reference, we also show the NMSE obtained with the
supervised Wiener solution for P == 1. These simulation results
illustrate the performance gain achieved when delay and code diver
sities are used (dashed lines) in relation to the cases where only the
code diversity is used (solid lines) or only the covariance delay di
versity is used (dotted line). Note also that the performance of the
proposed technique for P = 1 is close to that of the Wiener receiver
when the SNR is higher than 10dB.
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Number of Delays - D

This paper has addressed the problem of blind identification of non
linear instantaneous channels in a multiuser CDMA environment.
The proposed solution is based on the PARAFAC decomposition of
a fifth-order tensor composed of covariances of the received signals.
This tensor-based approach allows for weak identifiability condi
tions when comparing with existing methods, leading to relaxed re
strictions on the number of receive antennas. The proposed estima
tion algorithms have been applied for identifying an uplink channel
in a ROF multiuser communication system. Some simulation results
have illustrated the good performance of these algorithms, the best
results being obtained when both delay and code diversities are used.
In future work, we will extend these algorithms to the case of non
linear channels with memory.

Fig. 2. NMSE versus SNR provided by the EVD-LS algorithm for
different values of P and D.

Fig. I. NMSE versus the number of delays (D) provided by the ALS
and EVD-LS algorithms for four different values of P.
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